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Abstract
It is extremely important to have information about the stability and wave propagation characteristics of the 
aircraft structure due to high-speed aerodynamic loads in order to design the next generation of flight vehicles. 
In this research work, a new coupled methodology between aerodynamics and foundation for nonlinear disper-
sion of a doubly curved nanocomposite fuselage panel in a supersonic flow regime is proposed. The material is 
made of an epoxy-based matrix reinforced by nanocrystalline alumina and is resting on a viscoelastic founda-
tion with consideration of all possible interaction forces. Unlike the traditional aeroelastic theory, the proposed 
methodology offers a physically sound modification to the classical first-order supersonic piston theory. As a 
result, the aerodynamic loading is state-dependent and inherently dependent on the supporting medium, and the 
model naturally reduces to classical piston theory in the absence of any foundation effects. The deformation 
kinematics of the structure are formulated based on higher-order shear deformation theory having a hyperbolic 
shear strain distribution, while the geometric nonlinearity in the model has been accounted for by means of von 
Kármán strain-displacement relations. Hamilton’s principle is utilized to develop the fully coupled nonlinear 
governing equations, and these governing equations have been validated by making extensive comparisons 
with published results as well as by a separate finite element formulation. The system of nonlinear algebraic 
equations obtained from the governing equations is solved using the harmonic balance method to determine 
dispersion characteristics along with nonlinear group and phase velocities. Extensive parametric studies show 
that the proposed fully coupled aeroelastic model is capable of predicting very complicated instability charac-
teristics, flutter boundaries, wave propagation characteristics, and dispersion properties that cannot be captured 
by traditional uncoupled models.

Keywords  Aeroelastic stability · Nonlinear dynamics · Wave dispersion · Group and phase velocity · 
Supersonic piston theory · Doubly curved panels.
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Introduction

Reinforcement of composites by the use of nano-fillers has proved to be a revolution in materials engineering1. 
This is extremely crucial in the sense that even small amounts of nano-particles like layered silicates, carbon 
nanotubes, or graphene can result in great improvement in mechanical properties2. The difference from tradi-
tional filler reinforcements lies in the fact that nano-filler reinforcements have an exceptionally large surface 
area to volume ratio, hence improving adhesion and stress transfer between the reinforcement and the matrix3. 
It has been found that nanocomposites possess great tensile strength and elastic modulus in addition to fracture 
toughness compared to other composites4. Besides, nano-scale dispersion of reinforcement phases prevents crack 
formation and propagation5. In addition to their excellent mechanical properties, the reinforcement of composites 
at the nano-scale greatly increases their thermal stability and flame-retardant ability, rendering them applicable 
for use in high-temperature environments of the aerospace and automotive industries6. Electrical conductivity 
of normally non-conducting polymeric matrices could be achieved by means of incorporating electrically con-
ductive nanoparticles, like carbon nanotubes or graphene7. Another effect that might be mentioned is that of a 
nucleating agent on the morphology and performance of the polymer matrix due to the presence of nanofillers8. 
These combined multifunctional properties make it possible to create lightweight and high-performing materials, 
decreasing energy consumption and extending the life span of the components9.

Stability analysis is an essential field of study in aerospace engineering, which ensures that the construction 
of aircraft and spacecraft sustains its desired load distribution capacity without suffering from any failure or col-
lapse10. In contrast to static strength analysis, stability analysis focuses on sudden and unexpected changes in 
geometry or dynamics that occur well before reaching the yield stress of the material11. Some of the most prevalent 
types of stability problems encountered in thin-walled aerospace structures are buckling, post-buckling, diver-
gence, and flutter, each having its unique physical phenomena12. For example, buckling is an abrupt deflection of 
relatively small structures subjected to either compressive or shear stress13, while flutter is an unstable aeroelastic 
behavior caused by the interaction between aerodynamic, elastic, and inertial forces leading to destructive oscil-
lations14. It should be noted that, due to the lightweight and high strength of contemporary aerospace structures, 
they are more prone to stability problems under extreme flight conditions15. Stability analysis methodologies 
include linear buckling analysis through eigenvalues, nonlinear buckling through post-buckling analysis, as well 
as finite element analyses that have the capability to detect geometric imperfections and material nonlinearity16. 
Flutter boundary determination as well as preventing resonance at high speeds requires modal analysis and Com-
putational Fluid Structure Interaction analysis17. Regulatory bodies require comprehensive stability analyses on 
primary structures such as wing structures, fuselage, and control surfaces18. Stability analysis not only helps in 
ensuring that catastrophic failure is prevented, but it also assists in designing optimum and lightweight structures 
which are important for performance and mission success19.

Computer simulation has become an integral part of science and engineering today, allowing the creation of 
virtual representations of physical phenomena that are either too costly, hazardous, or difficult to perform by 
simulation20,21. In contrast to conventional analytical models, which are only applicable for simple shapes and 
linear systems, computer simulations enable dealing with complicated, nonlinear, and multiphysics problems 
with a high degree of accuracy22,23. This feature makes it possible for scientists and engineers to analyze a broad 
range of designs, performing numerous iterations with different sets of parameters without building any physical 
prototypes24,25. In addition, by modeling the system’s performance at high loadings, in corrosive media, or other 
nonstandard conditions, computer simulations decrease the need for expensive and lengthy physical experimen-
tation26,27. Moreover, computer simulations make it possible to obtain data on the internal variables and fields, 
such as stress distribution, flow velocity, or electromagnetic field, which cannot be measured experimentally28,29.

Computer simulation in structural analysis allows for the assessment of failure modes, fatigue life, and stability 
limitations way before any real structure has been constructed30,31. In cases of safety-critical industries, such as 
the aerospace industry, automotive industry, and nuclear engineering, simulations provide proof for certification 
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and compliance with regulations, without putting people’s lives in danger by showing the worst-case scenarios 
that could happen32,33. Simulations also help with uncertainty analysis and sensitivity analysis by making it pos-
sible to understand which design variables have a larger impact on the performance/reliability34,35. With the com-
bination of simulation techniques with optimization and machine learning techniques, innovation in lightweight, 
energy-efficient, and high-performance structures is sped up36,37. In conclusion, computer simulation not only 
results in a reduction of product development times and costs, but also allows for innovation that would not have 
been possible without the use of either experimentation or theory alone38.

The shell structures are used extensively in various engineering applications due to their efficient structural 
performance and lightweight properties. Shell structures are an integral part of aircraft and spacecraft construc-
tion as they ensure a high strength-to-weight ratio and good dynamic performance of the structure39. The use of 
the shell model in nanomechanics allows precise analysis of the deformation and vibration modes of biologi-
cal objects, such as viruses, under the influence of various loads40. Shell structures can also find application in 
biomedicine, where the mathematical models of shell structures can be used for the analysis of the mechanical 
behavior of human organs and the study of the related pathologies41. The cylindrical and toroidal shell structures 
have particular importance in the sphere of space systems engineering as they provide good structural solutions 
suitable for advanced space environments and artificial gravity designs42. The development of advanced shell 
theories for composite and functionally graded materials makes it possible to design multifunctional structures 
with optimal performance and materials distribution43. Spherical and conical shell structures find wide applica-
tions in modern engineering due to their capability to withstand various loads and improve the performance of 
advanced structural systems44,45.

Wave propagation in advanced composites and metamaterials has become an area of interest in recent times. 
In this context, Gao et al.46 have studied the manipulation of flexural waves in perforated metamaterial plates 
consisting of acoustic black holes connected through piezoelectric studs. It was observed that the properties of the 
bandgap could be controlled actively. In addition, Gao et al.47 carried out a study on wave propagation in smart 
sandwich plates, comprising functionally graded nanocomposite porous material with piezoelectric layers. The 
effects of porosity and electromechanical fields on dispersion curves were discussed in detail. Gao et al.48 have 
also studied the effect of graphene platelet dispersion and porosity on wave propagation in functionally graded 
porous plates. In these studies, only linear wave propagation is considered in flat or sandwich plates. However, 
in the current study, wave dispersion in nonlinear aeroelastic waves in doubly curved nanocomposite shells with 
coupled aerodynamic foundation interaction is considered.

To the best of the authors’ knowledge, all previous literature on supersonic aeroelasticity of composite shells 
considered only the aerodynamic pressure and the elastic foundation. The critical limitation addressed in the cur-
rent study is that all previous nonlinear wave equations in the field of aeroelasticity considered the supersonic 
aerodynamic pressure and elastic foundation as independent parameters, thereby disregarding the fact that the 
stiffening effect of the foundation inherently influences the aerodynamic pressure field. As a result, dispersion 
and flutter boundary predictions for such systems become highly inaccurate, especially at the short wavelength 
range when the influence of the foundation becomes significant. To address this important research gap, this paper 
proposes a novel mathematical modeling approach that couples the first-order supersonic piston theory with 
multi-parameter Winkler-Pasternak properties of the elastic foundation. Through formulating a state-dependent 
aerodynamic problem, the stiffness properties of the foundation inherently influence the convective aeroelastic 
pressure, thereby participating in the process of wave propagation. Moreover, the proposed higher-order shear 
deformation theory considers Von Karman nonlinearities to simulate large deformations of hybrid nanocrystalline 
alumina-reinforced doubly curved fuselage panels.

In order to achieve the highest possible level of physical and mathematical consistency, the coupled equations 
that have been developed are verified in full against analytical standards and also independent FEM solutions 
generated during this study. Finally, harmonic balance is utilized for detailed analysis of the coupled influences 
of structural curvature, nano-reinforcement distribution, and the influence of the foundation and aerodynamics 
on the nonlinear velocity landscapes. In order to clearly specify the novelty in the current investigation, three key 
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aspects are highlighted. First, the coupling of physically consistent nature between the supersonic flow pressure 
and multi-parameter elastic foundation has been proposed through the state-dependent interaction coefficient, 
which inherently modifies the convection pressure term – an effect missing from all other uncoupled approaches. 
Second, it is the first approach that considers the nonlinear (quadratic and cubic) foundation stiffness, frictional 
sliding, and torsional resistance in a hyperbolic higher-order shear deformation theory of doubly-curved nano-
composite shells. Third, in contrast to other research efforts which only consider the linear frequency or a single 
velocity parameter, the current analysis provides both nonlinear phase and group velocities through a high-order 
harmonic balance technique in this fully coupled aeroelastic system.

Effective material properties

Material properties formulations of nano-alumina

The incorporation of nano-alumina particles into polymer, metallic, or ceramic matrices has gained considerable 
attention due to their high stiffness, thermal stability, and wear resistance. Accurately formulating the effec-
tive material properties of nano-alumina-reinforced composites is essential for predicting mechanical behavior 
and optimizing structural performance. Following the established synthesis protocols in Refs49,50., the effective 
mechanical properties of the nano-alumina/epoxy composite are obtained as follows.

Nano-alumina is selected for its high elastic modulus (350 GPa), low density, and superior stiffness-to-weight 
ratio, critical for supersonic aeroelastic stability. The different distribution patterns of the presented nanocompos-
ite reinforcement can be formulated as follows:

	 Pattern X ∶ 𝑉𝑉𝐴𝐴
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 (𝒵𝒵) =

4 |𝒵𝒵|
ℎ 𝑉𝑉𝑇𝑇

𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 � (1)

	 Pattern O ∶ 𝑉𝑉𝑂𝑂
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 (𝒵𝒵) = (2 − 4 |𝒵𝒵|

ℎ )𝑉𝑉𝑇𝑇
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 � (2)

	 Pattern V ∶ 𝑉𝑉𝑉𝑉
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 (𝒵𝒵) = (𝒵𝒵ℎ + 0.5) 2𝑉𝑉𝑇𝑇

𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 � (3)

	 Pattern UD ∶ 𝑉𝑉𝑈𝑈𝑈𝑈
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 (𝒵𝒵) = 𝑉𝑉𝑇𝑇

𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 � (4)

	 Pattern A ∶ 𝑉𝑉𝑋𝑋
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 (𝒵𝒵) = (1 − 𝒵𝒵

ℎ )𝑉𝑉
𝑇𝑇
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 � (5)

The five distribution patterns (X, O, V, UD, and A) are standard parametric representations of through‑thickness 
reinforcement gradients, extensively used in functionally graded material modeling to mimic various manu-
facturing‑induced segregation phenomena, such as gravity settling, surface enrichment, or uniform dispersion. 
These canonical forms allow systematic investigation of grading effects without loss of generality51. The volume 
fraction of 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 can be formulated as follows:

	
𝑉𝑉𝑇𝑇
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

=
𝑊𝑊𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

𝑊𝑊𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 + (𝜌𝜌 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
/𝜌𝜌 M)(1 −𝑊𝑊𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 )

.� (6)

In this equation, the symbol 𝑊𝑊𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3  denotes the weight fraction of the nanocomposite reinforcement. The geom-
etry factor encapsulates both the form and the relative amount of nano-alumina particles, which significantly 
influence how much mechanical reinforcement they provide. This factor is calculated as the ratio of a particle’s 
diameter to its thickness.
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𝜉𝜉 𝑙𝑙 = 𝜉𝜉 𝑡𝑡 =

2𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

ℎ𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
� (7)

The effectiveness of reinforcement, driven by the stiffness contrast between the matrix material and the nano-
alumina, is captured by these factors. The magnitude of these factors is governed not only by the shape of the 
particles but also by their mechanical properties.

	
𝜂𝜂 𝑙𝑙 =

(𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
𝐸𝐸𝑀𝑀

− 1)

(𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
𝐸𝐸𝑀𝑀

+ 𝜉𝜉 𝑙𝑙)
,� (8)

	
𝜂𝜂 𝑡𝑡 =

(𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
𝐸𝐸𝑀𝑀

− 1)

(𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
𝐸𝐸𝑀𝑀

+ 𝜉𝜉 𝑡𝑡)
.� (9)

The nanocomposite’s stiffness along the longitudinal axis ( 𝐸𝐸𝑙𝑙) and the transverse axis ( 𝐸𝐸𝑡𝑡) is calculated using the 
two equations below. These equations incorporate three key factors: the concentration of particles, their geom-
etry, and the quality of interfacial interaction between the particles and the matrix material.

	 𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 = 0.49𝐸𝐸𝑙𝑙 + 0.51𝐸𝐸𝑡𝑡,� (10)

	
𝐸𝐸𝑙𝑙 =

𝐸𝐸𝑀𝑀(1 + 𝜉𝜉 𝑙𝑙𝜂𝜂 𝑙𝑙𝑉𝑉𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 )
1 − 𝜂𝜂 𝑙𝑙𝑉𝑉𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

,� (11)

	
𝐸𝐸𝑡𝑡 =

𝐸𝐸𝑀𝑀(1 + 𝜉𝜉 𝑡𝑡𝜂𝜂 𝑡𝑡𝑉𝑉𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 )
1 − 𝜂𝜂 𝑡𝑡𝑉𝑉𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

.� (12)

The coefficients 0.49 and 0.51 are empirical weighting factors derived from the Halpin-Tsai averaging scheme for 
randomly oriented nano-alumina particles, representing the volumetric contribution of longitudinal and transverse 
stiffness, respectively. These specific values are taken from the experimental curve-fitting calibration reported in 
Refs52,53 for the Al2O2/epoxy system. The Poisson’s ratio of the composite is approximated as follows.

	 𝜐𝜐 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 = 𝜐𝜐 𝑀𝑀𝑉𝑉𝑀𝑀 + 𝜐𝜐 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3𝑉𝑉𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 ,� (13)

Using a volume-fraction-based rule of mixtures, the Poisson’s ratio of the composite is approximated, which 
describes how the material deforms in directions orthogonal to the direction of the applied force.

	 𝜌𝜌 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
= 𝜌𝜌 𝑀𝑀𝑉𝑉𝑀𝑀 + 𝜌𝜌 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

𝑉𝑉𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 ,� (14)

Similar to the approach used for Poisson’s ratio, the overall density of the composite is derived from the densi-
ties and volumetric fractions of each component. This property plays a key role in both structural assessment and 
dynamic simulation.

	 𝑉𝑉𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 + 𝑉𝑉𝑀𝑀 = 1.� (15)

This requirement ensures the preservation of volume by assuming that the composite contains only the matrix 
and the reinforcing phases. This assumption forms the essential basis upon which the validity of all the following 
equations rests. Table 152,53 presents the properties of the epoxy-based structure reinforced with nano-alumina.

It is assumed that the synthesis protocol (ultrasonic deagglomeration and mechanical mixing) achieves uni-
form dispersion and perfect interfacial bonding, as validated in Refs49,50. Under this ideal condition, the effective 
elastic properties depend exclusively on the intrinsic moduli of the neat constituents (Table 1) and their volume 
fractions, rendering the use of these literature-based material parameters consistent with the present macroscopic 
modeling.
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Mathematical modeling

Figure 1 illustrates the key components of an aircraft fuselage panel resting on a multi-parameter elastic founda-
tion. The panel, representing a section of the fuselage roof, is subjected to a combination of foundation reactions. 
𝐾𝐾𝑤𝑤 and 𝐾𝐾𝑝𝑝 denote the Winkler and Pasternak elastic moduli, respectively, which provide normal and shear resis-
tance. A frictional force 𝐹𝐹𝑓𝑓 opposes relative motion at the interface, while 𝐶𝐶𝑑𝑑 represents the damping coefficient 
of the viscoelastic foundation, dissipating vibrational energy. The radii 𝑅𝑅1 and 𝑅𝑅2 indicate the double curvature 
of the panel, characteristic of aircraft fuselage geometry. Additionally, 𝐾𝐾𝑟𝑟 corresponds to the torsional founda-
tion coefficient, accounting for rotational stiffness. Together, these parameters form a comprehensive mechanical 
model that includes elastic, damping, frictional, and torsional effects. Such a representation is essential for accu-
rately predicting the aeroelastic response, wave propagation, and flutter behavior of nano-alumina-reinforced 
fuselage panels under supersonic airflow and foundation interaction.

Fig. 1  Key components of an aircraft 
fuselage panel resting on a multi-
parameter elastic foundation.

 

Material Elasticity modulus (GPa) Mass density (kg/m³) Poisson’s ratio
𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

Epoxy 30 2300 0.2
Nano-Alumina 350 3900 0.22

Table 1  The material prop-
erties of the epoxy structure 
reinforced by nAl2O3.
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Mathematical formulations

Displacement field

Following the HSDT, a generic displacement field involving five variables (𝑢𝑢𝑢 𝑢𝑢𝑢 𝑢𝑢𝑢 can be expressed for any arbi-
trary patch as follows:

	 𝑢𝑢𝑢𝑢𝑢𝑢 𝑢𝑢𝑢 𝑢𝑢𝑢 𝑢𝑢𝑢 𝑢 𝑢𝑢0(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥   𝑥 𝑥𝑥∂ 𝑤𝑤0(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 
∂ 𝑥𝑥 + 𝑓𝑓 (𝑧𝑧) 𝜃𝜃 𝑥𝑥(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  � (16)

	
𝑣𝑣𝑣𝑣𝑣𝑣 𝑣𝑣𝑣 𝑣𝑣𝑣 𝑣𝑣𝑣 𝑣 𝑣𝑣0(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥   𝑥 𝑥𝑥∂ 𝑤𝑤0(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 

∂ 𝑦𝑦 + 𝑓𝑓 (𝑧𝑧) 𝜃𝜃 𝑦𝑦(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  � (17)

	 𝑤𝑤𝑤𝑤𝑤𝑤 𝑤𝑤𝑤 𝑤𝑤𝑤 𝑤𝑤𝑤 𝑤 𝑤𝑤0(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  𝑥� (18)

In this expression, the mid-plane displacement components along the 𝑥𝑥𝑥 𝑥𝑥𝑥 and 𝑧𝑧 axes are denoted by (𝑢𝑢0, 𝑣𝑣0, 𝑤𝑤0), 
while (𝜃𝜃 𝑥𝑥, 𝜃𝜃 𝑦𝑦) represent the rotations within the 𝑥𝑥𝑥𝑥 and 𝑦𝑦𝑦𝑦 planes, respectively. The variable 𝑡𝑡 indicates time, and 
𝑓𝑓 (𝑧𝑧) refers to the shape function, which is taken to be of a hyperbolic form according to Ref.54.

	
𝑓𝑓 (𝑧𝑧) =

ℎ
𝜋𝜋
𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (𝜋𝜋

ℎ
𝑧𝑧) − 𝑧𝑧

[𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝜋𝜋
2
) − 1]

.� (19)

Selection of HSDT with hyperbolic function for transverse shear deformation in preference to the other kine-
matic models hinges on three major factors. First, in contrast to FSDT, which assumes constant transverse shear 
strains across the cross section and thus necessitates an empirical shear correction factor that varies depending 
on material, boundaries, and loadings, the HSDT fulfills zero transverse shear stress conditions at the top and 
bottom surfaces without any shear correction factor, ensuring the physical nature55. Second, for the current nano-
alumina/epoxy composite material with a high face-to-core stiffness ratio, transverse shear deformations play a 
crucial role, especially for the short-wavelength range associated with wave propagation; the hyperbolic func-
tion describes parabolic behavior of the shear strains with high accuracy, whereas FSDT would underestimate 
the above effects. Third, although the CUF provides a broad scheme for formulating arbitrary-order theories, it 
needs convergence analysis with respect to the expansion order56. The hyperbolic HSDT formulation offers an 
optimally balanced accuracy-efficiency trade-off in that it obtains the same level of accuracy as higher-order CUF 
theories using five unknowns, which is vital for the present non-linear aeroelasticity study where harmonic bal-
ance iterations have to be done repeatedly (Figs. 2, 3, 4, 5 and 6).

Constitutive relations

The relationship between displacement and strain is derived by including Von Kármán’s geometric nonlinearities, 
which are tailored to doubly curved shallow shell structures51.

	

{
ℰ𝒳𝒳
ℰ𝒴𝒴𝛾𝛾 𝒳𝒳𝒳𝒳

} =

⎧{{{
⎨{{{⎩

∂ u
∂𝒳𝒳 − w

𝑅𝑅𝒳𝒳
+ 1
2(

∂ w
∂𝒳𝒳)

2

∂ v
∂ 𝒴𝒴 − w

𝑅𝑅𝒴𝒴
+ 1
2(

∂ w
∂ 𝒴𝒴 )

2

∂ u
∂ 𝒴𝒴 + ∂ v

∂𝒳𝒳 + ∂ w
∂𝒳𝒳

∂ w
∂ 𝒴𝒴

⎫}}}
⎬}}}⎭

, { 𝛾𝛾 𝒳𝒳𝒳𝒳𝛾𝛾 𝒴𝒴𝒴𝒴
} =

⎧{
⎨{⎩

∂ u
∂ 𝒵𝒵 + ∂ w

∂𝒳𝒳∂ v
∂ 𝒵𝒵 + ∂ w

∂ 𝒴𝒴

⎫}
⎬}⎭
.� (20)

Inserting Eq. (9) into Eq. (11) gives:

	 ℰ = ℰ0 + 𝒵𝒵𝒵𝒵1 + 𝑓𝑓 (𝑧𝑧) 𝑘𝑘3,� (21)
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Fig. 3  Nonlinear velocity ratio as a function of the 
wave number.
 

Fig. 2  The Pseudocode of the harmonic balance solution.
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Fig. 5  The influence of different nano-alumina 
weight fractions on the NPV as a function of wave 
number.

 

Fig. 4  The influence of different nano-alumina 
distribution patterns on the NPV as a function 
of wave number.
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	 𝛾𝛾 = 𝕘𝕘 (𝑧𝑧) 𝑘𝑘2.� (22)

where

	

ℰ0 =
⎧{
⎨{⎩

ℰ0𝒳𝒳
ℰ0𝒴𝒴

𝛾𝛾 0
𝒳𝒳𝒳𝒳

⎫}
⎬}⎭

=

⎧{{{
⎨{{{⎩

∂ u0
∂𝒳𝒳 − w0

𝑅𝑅𝒳𝒳
+ 1
2(

∂ w0
∂𝒳𝒳 )

2

∂ v0
∂ 𝒴𝒴 − w0

𝑅𝑅𝒴𝒴
+ 1
2(

∂ w0
∂ 𝒴𝒴 )

2

∂ u0
∂ 𝒴𝒴 + ∂ v0

∂𝒳𝒳 + ∂ w0
∂𝒳𝒳

∂ w0
∂ 𝒴𝒴

⎫}}}
⎬}}}⎭

,� (23)

	

𝑘𝑘1 = {
𝑘𝑘1𝒳𝒳
𝑘𝑘1𝒴𝒴
𝑘𝑘1𝒳𝒳𝒳𝒳

} =

⎧{{{
⎨{{{⎩

−∂ 2w0
∂𝒳𝒳2

−∂ 2w0
∂ 𝒴𝒴2

−2 ∂ 2w0
∂𝒳𝒳∂ 𝒴𝒴

⎫}}}
⎬}}}⎭

, 𝑘𝑘2 = { 𝑘𝑘2𝒳𝒳𝒳𝒳
𝑘𝑘2𝒴𝒴𝒴𝒴

} = { 𝜃𝜃 𝑥𝑥
𝜃𝜃 𝑦𝑦

} , 𝕘𝕘 (𝒵𝒵) = d𝑓𝑓 (𝑧𝑧)
d𝒵𝒵 ,� (24)

	

𝑘𝑘3 = {
𝑘𝑘3𝒳𝒳
𝑘𝑘3𝒴𝒴
𝑘𝑘3𝒳𝒳𝒳𝒳

} =

⎧{{{
⎨{{{⎩

∂ 𝜃𝜃 𝑥𝑥
∂𝒳𝒳∂ 𝜃𝜃 𝑦𝑦

∂ 𝒴𝒴
∂ 𝜃𝜃 𝑥𝑥
∂ 𝒴𝒴 +

∂ 𝜃𝜃 𝑦𝑦

∂𝒳𝒳

⎫}}}
⎬}}}⎭

.� (25)

The stress-strain relationships for the composite panel are expressed as follows:

	

⎧{{
⎨{{⎩

𝜎𝜎 𝒳𝒳𝜎𝜎 𝒴𝒴𝜎𝜎 𝒳𝒳𝒳𝒳𝜎𝜎 𝒴𝒴𝒴𝒴𝜎𝜎 𝒳𝒳𝒳𝒳

⎫}}
⎬}}⎭

=
⎧{{
⎨{{⎩

𝔐𝔐11 𝔐𝔐12 0 0 0
𝔐𝔐12 𝔐𝔐22 0 0 0
0 0 𝔐𝔐66 0 0
0 0 0 𝔐𝔐44 0
0 0 0 0 𝔐𝔐55

⎫}}
⎬}}⎭

⎧{{
⎨{{⎩

ℰ𝒳𝒳
ℰ𝒴𝒴𝛾𝛾 𝒳𝒳𝒳𝒳𝛾𝛾 𝒴𝒴𝒴𝒴𝛾𝛾 𝒳𝒳𝒳𝒳

⎫}}
⎬}}⎭

,� (26)

where

Fig. 6  The variation of the NPV as a func-
tion of wave number for different values of 
the non-dimensional aerodynamic pressure 
parameter.
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𝔐𝔐11 =

𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

1 − (𝜐𝜐 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3)
2 , 𝔐𝔐12 =

𝜐𝜐 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

1 − (𝜐𝜐 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3)
2 , 𝔐𝔐22 =

𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

1 − (𝜐𝜐 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3)
2 ,� (27)

	
𝔐𝔐44 = 𝔐𝔐55 = 𝔐𝔐66 =

𝐸𝐸𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3

2 (1 + 𝜐𝜐 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3)
.� (28)

Equations of motion

Hamilton’s principle serves as the basis for deriving the motion equations corresponding to the newly proposed 
sinusoidal deformation shear theory. The expression for virtual strain energy is given by:

	
𝛿𝛿 ∏

𝑒𝑒
= ∫

𝐴𝐴
∫

ℎ
2

− ℎ
2

(𝑠𝑠𝒳𝒳𝛿𝛿 E𝒳𝒳 + 𝑠𝑠𝒴𝒴𝛿𝛿 E𝒴𝒴 + 𝑠𝑠𝒳𝒳𝒳𝒳𝛿𝛿 𝛿𝛿 𝒳𝒳𝒳𝒳 + 𝑠𝑠𝒳𝒳𝒳𝒳𝛿𝛿 𝛿𝛿 {𝒳𝒳𝒳𝒳 + 𝑠𝑠𝒴𝒴𝒴𝒴𝛿𝛿 𝛿𝛿 𝒴𝒴𝒴𝒴)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑� (29)

Substituting Eq. (27) into Eq. (29) yields:

	

𝛿𝛿 ∏
𝑒𝑒
= ∫

𝐴𝐴
∫

ℎ
2

− ℎ
2

{
𝜎𝜎 𝒳𝒳(𝛿𝛿 E0𝒳𝒳 + 𝑍𝑍𝛿𝛿 𝑘𝑘1𝒳𝒳 + 𝑓𝑓 (𝑧𝑧) 𝛿𝛿 𝑘𝑘3𝒳𝒳) + 𝜎𝜎 𝒴𝒴(𝛿𝛿 E0𝒴𝒴 + 𝑍𝑍𝛿𝛿 𝑘𝑘1𝒴𝒴 + 𝑓𝑓 (𝑧𝑧) 𝛿𝛿 𝑘𝑘3𝒴𝒴)

+𝜎𝜎 𝒳𝒳𝒳𝒳(𝛿𝛿 𝛿𝛿 0
𝒳𝒳𝒳𝒳 + 𝑍𝑍𝛿𝛿 𝑘𝑘1𝒳𝒳𝒳𝒳 + 𝑓𝑓 (𝑧𝑧) 𝛿𝛿 𝑘𝑘3𝒳𝒳𝒳𝒳) + 𝜎𝜎 𝒳𝒳𝒳𝒳(𝑔𝑔𝑔𝑔𝑔𝑔𝛿𝛿 𝑘𝑘2𝒳𝒳𝒳𝒳)

+𝜎𝜎 𝒴𝒴𝒴𝒴(𝑔𝑔𝑔𝑔𝑔𝑔𝛿𝛿 𝑘𝑘2𝒴𝒴𝒴𝒴)
}

= ∫ {
(𝒳𝒳𝛿𝛿 E0𝒳𝒳 +𝒳𝒳 𝛿𝛿 𝑘𝑘1𝒳𝒳 +𝒳𝒳 𝛿𝛿 𝑘𝑘3𝒳𝒳) + (𝒴𝒴𝛿𝛿 E0𝒴𝒴 +𝒴𝒴 𝛿𝛿 𝑘𝑘1𝒴𝒴 +𝒴𝒴 𝛿𝛿 𝑘𝑘3𝒴𝒴)

+(𝒳𝒳𝒳𝒳𝛿𝛿 𝛿𝛿 0
𝒳𝒳𝒳𝒳 +𝒳𝒳𝒳𝒳 𝛿𝛿 𝑘𝑘1𝒳𝒳𝒳𝒳 +𝒳𝒳𝒳𝒳 𝛿𝛿 𝑘𝑘3𝒳𝒳𝒳𝒳)

+ (𝒳𝒳𝒳𝒳𝛿𝛿 𝑘𝑘2𝒳𝒳𝒳𝒳) + (𝒴𝒴𝒴𝒴𝛿𝛿 𝑘𝑘2𝒴𝒴𝒴𝒴)
}𝑑𝑑𝑑𝑑

𝐴𝐴

� (30)

where

	

(𝕟𝕟𝑖𝑖,𝕞𝕞𝑖𝑖, 𝕡𝕡𝑖𝑖) =

ℎ
2

∫
− ℎ

2

𝜎𝜎𝑖𝑖 (1, 𝒵𝒵𝒵 𝒵𝒵 (𝑧𝑧)) 𝑑𝑑𝑑𝑑 {𝑖𝑖 𝑖 𝑖𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖𝑖} � (31)

	

(𝕢𝕢𝑖𝑖) =

ℎ
2

∫
− ℎ

2

𝜎𝜎𝑖𝑖 ((𝒵𝒵)) 𝑑𝑑𝑑𝑑𝑑 𝑑𝑑 𝑑 𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑� (32)

Substituting Eqs. (13a), (13b), (13c), and (14) in Eqs. (18a), and (18b) leads to:

	
{

𝑛𝑛
𝑚𝑚
𝑝𝑝

} = [
[𝔄𝔄] [𝔅𝔅] [𝔇𝔇]
[𝔅𝔅] [ℭ] [𝔈𝔈]
[𝔇𝔇] [𝔈𝔈] [𝔊𝔊]

]{
ℰ0
𝑘𝑘1
𝑘𝑘3

} ,� (33)

	 {𝕢𝕢} = [𝔄𝔄𝑠𝑠] {𝛾𝛾 0} ,� (34)

where

	
[𝔄𝔄] = [

𝔄𝔄11 𝔄𝔄12 0
𝔄𝔄12 𝔄𝔄22 0
0 0 𝔄𝔄66

] , [𝔅𝔅] = [
𝔅𝔅11 𝔅𝔅12 0
𝔅𝔅12 𝔅𝔅22 0
0 0 𝔅𝔅66

] , [ℭ] = [
ℭ11 ℭ12 0
ℭ12 ℭ22 0
0 0 ℭ66

] ,� (35)

	
[𝔇𝔇] = [

𝔇𝔇11 𝔇𝔇12 0
𝔇𝔇12 𝔇𝔇22 0
0 0 𝔇𝔇66

] , [𝔈𝔈] = [
𝔈𝔈11 𝔈𝔈12 0
𝔈𝔈12 𝔈𝔈22 0
0 0 𝔈𝔈66

] , [𝔊𝔊] = [
𝔊𝔊11 𝔊𝔊12 0
𝔊𝔊12 𝔊𝔊22 0
0 0 𝔊𝔊66

] ,� (36)

	 [𝔄𝔄𝑠𝑠] = [ 𝔄𝔄44 0
0 𝔄𝔄55

] , [ℭ𝑠𝑠] = [ ℭ44 0
0 ℭ55

] , [𝔈𝔈𝑠𝑠] = [ 𝔈𝔈44 0
0 𝔈𝔈55

] ,� (37)
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(𝔄𝔄𝑖𝑖𝑖𝑖,𝔅𝔅𝑖𝑖𝑖𝑖, ℭ𝑖𝑖𝑖𝑖,𝔇𝔇𝑖𝑖𝑖𝑖, 𝔈𝔈𝑖𝑖𝑖𝑖,𝔊𝔊𝑖𝑖𝑖𝑖) =

ℎ
2

∫
− ℎ

2

𝕢𝕢𝑖𝑖𝑖𝑖(1, 𝒵𝒵𝒵 𝒵𝒵2, 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑓𝑓2(𝒵𝒵 ))d𝒵𝒵𝒵𝒵 𝒵𝒵𝒵 𝒵𝒵 𝒵𝒵 to6),� (38)

	

(𝔄𝔄𝑠𝑠𝑠𝑠𝑠𝑠) =

ℎ
2

∫
− ℎ

2

𝕢𝕢𝑖𝑖𝑖𝑖 (𝕘𝕘( 𝒵𝒵 ))d𝒵𝒵𝒵 𝒵𝒵𝒵𝒵𝒵 𝒵 44,55).� (39)

To establish a direct coupling between the supersonic aerodynamic pressure and the elastic foundation parameters, 
the classical first-order piston theory is modified. The localized aero-elastic interaction factor ( ∧ 𝑓𝑓) is introduced 
to couple the normal foundation stiffness directly into the aerodynamic pressure wave propagation equation as 
follows:

	
∧ 𝑓𝑓 = 1 + 𝛼𝛼 𝑐𝑐 (

𝐾𝐾𝑤𝑤𝑤𝑤𝑎𝑎4
𝐷𝐷0

−
𝐾𝐾𝑝𝑝𝑝𝑝𝑎𝑎2
𝐷𝐷0

∇ 2) .� (40)

where 𝛼𝛼 𝑐𝑐 is the non-dimensional aerodynamic-foundation coupling scaling parameter, 𝑎𝑎 is the panel length, and 
𝐷𝐷0 represents the reference bending rigidity of the hybrid nano-composite structure. Consequently, the directly 
coupled supersonic aerodynamic piston pressure 𝛥𝛥 𝑝𝑝𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 acting on the doubly-curved fuselage panel is derived 
as:

	
𝛥𝛥 𝑝𝑝𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = −2𝑞𝑞∞ 𝛽𝛽 𝛽 𝑓𝑓(

∂ 𝑤𝑤
∂ x + 𝑀𝑀2∞ − 2

𝑀𝑀2∞ − 1
1

𝑈𝑈∞

∂ 𝑤𝑤
∂ 𝑡𝑡 ),� (41)

where

	 𝑞𝑞∞ = 1
2𝜌𝜌 ∞ 𝑈𝑈2∞ ,� (42)

	 𝛽𝛽 = √(𝑀𝑀2∞ − 1) .� (43)

In these expressions, 𝜌𝜌 ∞  and 𝑈𝑈∞  represent the airflow density and velocity, respectively. In the context of first-
order piston theory, the Mach number 𝑈𝑈∞  typically falls within the range of 

√
2 to 5.0. For supersonic flow con-

ditions where 𝑀𝑀∞  is significantly greater than 1, the term [(𝑀𝑀2∞ − 2)/(𝑀𝑀2∞ − 1 )]𝜅𝜅 /√𝑀𝑀2∞ − 1 → 𝜅𝜅 /𝑀𝑀∞  simplifies to 
𝜅𝜅 /𝑀𝑀∞ , with 𝜅𝜅  defined as 𝜌𝜌 ∞ 𝑎𝑎𝑎𝜌𝜌 𝑚𝑚ℎ. The aerodynamic damping parameter is subsequently taken as 𝜅𝜅 /𝑀𝑀∞ = 0.01 
for the aeroelastic analysis that follows39. Additionally, the non-dimensional aerodynamic pressure employed in 
the same analysis is 𝜆𝜆 = 2𝑞𝑞∞ 𝑎𝑎3/𝛽𝛽 𝐷𝐷, where 𝐷𝐷 𝐷 𝐷𝐷𝑚𝑚ℎ3/ [12( 1 − 𝜃𝜃 2

𝑚𝑚 )]. It can be observed from Eq. (21) that when the 
foundation parameters drop to zero ( 𝐾𝐾𝑤𝑤𝑤𝑤, 𝐾𝐾𝑝𝑝𝑝𝑝), the interaction factor becomes unity ( ∧ 𝑓𝑓 = 1), and the formulation 
rigorously simplifies back to the classical uncoupled supersonic piston theory. The total virtual work performed 
by the combined coupled aerodynamic forces and the parameter-dependent in-plane elastic foundation interac-
tions (Π 𝑣𝑣) is evaluated via:

	
Π 𝑣𝑣 = ∫ (𝛥𝛥 𝑝𝑝𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶w + 𝐹𝐹𝑓𝑓u0 + 𝐹𝐹𝑟𝑟𝑣𝑣0) 𝑑𝑑𝑑𝑑𝑑� (44)

The virtual kinetic energy is given by:
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𝛿𝛿 ∏
𝑘𝑘
= ∫

𝐴𝐴
∫

ℎ
2

− ℎ
2

𝜌𝜌𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 (𝑧𝑧) (𝑢̇𝑢𝛿𝛿 ̇𝑢𝑢 𝑢 𝑢𝑢𝑢𝛿𝛿 ̇𝑣𝑣𝑣𝑣  𝑣𝑣𝛿𝛿 ̇𝑤𝑤) 𝑑𝑑𝑑𝑑d𝔄𝔄 𝔄∫
𝐴𝐴

⎧{{{{{{{
⎨{{{{{{{⎩

ℒ0 (𝑢̇𝑢0𝛿𝛿𝑢̇𝑢0 + ̇𝑣𝑣0𝛿𝛿 ̇𝑤𝑤0 + ̇𝑤𝑤0𝛿𝛿 ̇𝑤𝑤0)

−ℒ1 (𝑢̇𝑢0
∂𝛿𝛿 ̇𝑤𝑤0
∂𝑥𝑥 + ∂ ̇𝑤𝑤0

∂𝑥𝑥 𝛿𝛿𝑢̇𝑢0 + ̇𝑣𝑣0
∂𝛿𝛿 ̇𝑤𝑤0
∂𝑦𝑦 + ∂ ̇𝑤𝑤0

∂𝑦𝑦 𝛿𝛿 ̇𝑣𝑣0)

+ℒ2 (
∂ ̇𝑤𝑤0
∂𝑥𝑥

∂𝛿𝛿 ̇𝑤𝑤0
∂𝑥𝑥 + ∂ ̇𝑤𝑤0

∂𝑦𝑦
∂𝛿𝛿 ̇𝑤𝑤0
∂𝑦𝑦 )

+ℒ3 (𝑢̇𝑢0𝛿𝛿 ̇𝜃𝜃𝑥𝑥 + 𝛿𝛿 ̇𝑢𝑢0 ̇𝜃𝜃𝑥𝑥 + ̇𝑣𝑣0𝛿𝛿 ̇𝜃𝜃𝑦𝑦 + 𝛿𝛿 ̇𝑣𝑣0 ̇𝜃𝜃𝑦𝑦)

−ℒ4 (
∂ ̇𝑤𝑤0
∂𝑥𝑥 𝛿𝛿 ̇𝜃𝜃𝑥𝑥 +

∂𝛿𝛿 ̇𝑤𝑤0
∂𝑥𝑥

̇𝜃𝜃𝑥𝑥 +
∂ ̇𝑤𝑤0
∂𝑦𝑦 𝛿𝛿 ̇𝜃𝜃𝑦𝑦)

+ℒ5 ( ̇𝜃𝜃𝑥𝑥𝛿𝛿 ̇𝜃𝜃𝑥𝑥 + ̇𝜃𝜃𝑦𝑦𝛿𝛿 ̇𝜃𝜃𝑦𝑦)

⎫}}}}}}}
⎬}}}}}}}⎭

𝑑𝑑𝑑𝑑𝑑� (45)

where mass inertias are defined by:

	

{ℒ0,ℒ1,ℒ2, ℒ3, ℒ4,ℒ5} =

ℎ
2

∫
− ℎ

2

𝜌𝜌 𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3
(𝒵𝒵){1, 𝒵𝒵𝒵 𝒵𝒵2, 𝑓𝑓 (𝑧𝑧) , 𝒵𝒵𝒵𝒵 (𝑧𝑧) , (𝑓𝑓 (𝑧𝑧))2}d𝒵𝒵𝒵� (46)

The contribution of the Winkler-Pasternak foundation to the total energy is expressed as follows:57:

	
𝛿𝛿 Π 𝑤𝑤 = 1

2 ∫ (−𝐾𝐾𝑤𝑤𝑤𝑤w0 + ( ∂
∂𝒳𝒳 (∂ w0

∂𝒳𝒳 𝐾𝐾𝑝𝑝𝑝𝑝) +
∂

∂ 𝒴𝒴 (∂ w0
∂ 𝒴𝒴 𝐾𝐾𝑝𝑝𝑝𝑝)))w0𝑑𝑑𝑑𝑑𝑑� (47)

In these expressions, 𝐾𝐾𝑤𝑤𝑤𝑤 represents the Winkler modulus, while 𝐾𝐾𝑝𝑝𝑝𝑝 stands for the Pasternak modulus of the 
elastic foundation. The energy resulting from the torsional elastic foundation is given in the following manner58:

	
𝛿𝛿 Π 𝑇𝑇 =

1
2 ∫ (𝐾𝐾𝑟𝑟𝑟𝑟𝜙𝜙 − ∂

∂𝒳𝒳 (𝐾𝐾𝑟𝑟𝑟𝑟
∂ 𝜙𝜙
∂𝒳𝒳)) v0𝑑𝑑𝑑𝑑𝑑� (48)

The quantities 𝐾𝐾𝑟𝑟𝑟𝑟, and 𝐾𝐾𝑟𝑟𝑟𝑟 are the torsional coefficients associated with the foundation. By replacing 𝜙𝜙  with 
( ∂ v0

∂𝒳𝒳 ) in Eq. (28), we obtain:

	
𝛿𝛿 Π 𝑟𝑟 =

1
2 ∫ (𝐾𝐾𝑟𝑟𝑟𝑟

∂ v0
∂𝒳𝒳 − ∂

∂𝒳𝒳 (𝐾𝐾𝑟𝑟𝑟𝑟
∂ 2v0
∂𝒳𝒳2 )) v0𝑑𝑑𝑑𝑑𝑑� (49)

	
𝐹𝐹𝑟𝑟 = 𝐾𝐾𝑟𝑟𝑟𝑟

∂ v0
∂𝒳𝒳 − ∂

∂𝒳𝒳 (𝐾𝐾𝑟𝑟𝑟𝑟
∂ 2v0
∂𝒳𝒳2 ) .

The contribution of the frictional force to the total work can be written as58:

	
𝛿𝛿 Π 𝑓𝑓 = 1

2 ∫ 𝜇𝜇 𝑓𝑓 (−𝐾𝐾𝑤𝑤𝑤𝑤u0 + ( ∂
∂𝒳𝒳 (∂ u0

∂𝒳𝒳𝐾𝐾𝑝𝑝𝑝𝑝) +
∂

∂ 𝒴𝒴 (∂ u0
∂ 𝒴𝒴 𝐾𝐾𝑝𝑝𝑝𝑝))) u0𝑑𝑑𝑑𝑑𝑑� (50)

	 𝐹𝐹𝑓𝑓 = 𝜇𝜇 𝑓𝑓 (−𝐾𝐾𝑤𝑤𝑤𝑤u0 + ( ∂
∂𝒳𝒳 (∂ u0

∂𝒳𝒳𝐾𝐾𝑝𝑝𝑝𝑝) +
∂

∂ 𝒴𝒴 (∂ u0
∂ 𝒴𝒴 𝐾𝐾𝑝𝑝𝑝𝑝))) .

In this equation, 𝜇𝜇 𝑓𝑓 represents the coefficient of friction for the foundation. The amount of energy dissipated 
through the damper foundation is given by the following expression57:

	
Π 𝐷𝐷 = 1

2 ∫ 𝐶𝐶𝑑𝑑𝑑𝑑(
∂ w0
∂ 𝑡𝑡 )

2

𝑑𝑑𝑑𝑑𝑑� (51)

In this context, 𝐶𝐶𝑑𝑑𝑑𝑑 represents the damping coefficient associated with the viscoelastic material. The present 
study adopts a linear damping model for the viscoelastic foundation, owing to its simple mathematical structure 
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and computational convenience, rendering it suitable for cases involving small to moderate deformations. The 
parameters appearing in Eqs. (27), (29), (30), and (31) are given by:

	

𝐾𝐾𝑤𝑤𝑤𝑤 = 𝐾𝐾𝑤𝑤 (1 + 𝑓𝑓1 (
𝑥𝑥
𝑎𝑎 ) + 𝑓𝑓2(

𝑥𝑥
𝑎𝑎 )

2
+ 𝑓𝑓3(

𝑥𝑥
𝑎𝑎 )

3
+ 𝑓𝑓4(

𝑥𝑥
𝑎𝑎 )

4
) ,

𝐾𝐾𝑝𝑝𝑝𝑝 = 𝐾𝐾𝑝𝑝 (1 + 𝑓𝑓1 (
𝑥𝑥
𝑎𝑎 ) + 𝑓𝑓2(

𝑥𝑥
𝑎𝑎 )

2
+ 𝑓𝑓3(

𝑥𝑥
𝑎𝑎 )

3
+ 𝑓𝑓4(

𝑥𝑥
𝑎𝑎 )

4
) ,

𝐶𝐶𝑑𝑑𝑑𝑑 = 𝐶𝐶𝑑𝑑 (1 + 𝑓𝑓1 (
𝑥𝑥
𝑎𝑎 ) + 𝑓𝑓2(

𝑥𝑥
𝑎𝑎 )

2
+ 𝑓𝑓3(

𝑥𝑥
𝑎𝑎 )

3
+ 𝑓𝑓4(

𝑥𝑥
𝑎𝑎 )

4
) ,

𝐾𝐾𝑟𝑟𝑟𝑟 = 𝐾𝐾𝑟𝑟𝑟 (1 + 𝑓𝑓1 (
𝑥𝑥
𝑎𝑎 ) + 𝑓𝑓2(

𝑥𝑥
𝑎𝑎 )

2
+ 𝑓𝑓3(

𝑥𝑥
𝑎𝑎 )

3
+ 𝑓𝑓4(

𝑥𝑥
𝑎𝑎 )

4
) ,

𝐾𝐾𝑟𝑟𝑟𝑟 = 𝐾𝐾𝑟𝑟𝑟 (1 + 𝑓𝑓1 (
𝑥𝑥
𝑎𝑎 ) + 𝑓𝑓2(

𝑥𝑥
𝑎𝑎 )

2
+ 𝑓𝑓3(

⊖𝑥𝑥
𝑎𝑎 )

3
+ 𝑓𝑓4(

𝑥𝑥
𝑎𝑎 )

4
) .

� (52)

The constants 𝑓𝑓1, 𝑓𝑓2, 𝑓𝑓3 and 𝑓𝑓4 describe variations in stiffness along the 𝒳𝒳 direction — specifically, linear, qua-
dratic, and cubic forms (with f₃ and f₄ also capturing linear and quadratic components, respectively, as implied by 
the original phrasing). 𝐾𝐾𝑤𝑤 is the elastic coefficient of the Winkler foundation situated at the bottom center of the 
panel. 𝐾𝐾𝑝𝑝 denotes the elastic coefficient of the Pasternak foundation at the same bottom-center location. 𝐾𝐾𝑟𝑟𝑟 and 
𝐾𝐾𝑟𝑟𝑟 are the elastic coefficients of the torsional foundation at the panel’s bottom center. 𝐶𝐶𝑑𝑑 represents the elastic 
coefficient of the damping foundation at the bottom center. The analytical form of Hamilton’s principle is then 
written as:

	

𝑇𝑇

∫
0

(𝛿𝛿 Π 𝑘𝑘 − (𝛿𝛿 Π 𝑒𝑒 − 𝛿𝛿 Π 𝑣𝑣 − 𝛿𝛿 Π 𝑤𝑤 − 𝛿𝛿 Π 𝑟𝑟 − 𝛿𝛿 Π 𝑓𝑓 + ̇𝛿𝛿 Π 𝐷𝐷))d𝑡𝑡 𝑡 𝑡𝑡� (53)

Substituting Eqs. (17), (24), (25), (27), (29), (30), and (31) into Eq. (33), followed by integration by parts, yields 
the following Euler–Lagrange equations:

	
𝛿𝛿 𝑢𝑢0 ∶

∂𝑁𝑁𝑥𝑥𝑥𝑥
∂ 𝑥𝑥 +

∂𝑁𝑁𝑥𝑥𝑥𝑥

∂ 𝑦𝑦 + 𝐹𝐹𝑓𝑓 = ℒ0
..
𝑤𝑤
0
−ℒ1

∂ ..
𝑤𝑤
0

∂ 𝑥𝑥 + ℒ3
..
𝜃𝜃
𝑥𝑥
,� (54)

	
𝛿𝛿 𝑣𝑣0 ∶

∂𝑁𝑁𝑥𝑥𝑥𝑥

∂ 𝑥𝑥 +
∂𝑁𝑁𝑦𝑦𝑦𝑦

∂ 𝑦𝑦 − 𝐾𝐾𝑟𝑟𝑟𝑟
∂ 𝑣𝑣0
∂𝒳𝒳 + ∂

∂𝒳𝒳 (𝐾𝐾𝑟𝑟𝑟𝑟
∂ 2𝑣𝑣0
∂𝒳𝒳2 ) = ℒ0 ̈𝑣𝑣0 − ℒ1

∂ ̈𝑤𝑤0
∂ 𝒴𝒴 + ℒ3

..
𝜃𝜃
𝒴𝒴
,� (55)

	

𝛿𝛿 𝑤𝑤0 ∶
∂ 2𝑀𝑀𝑥𝑥𝑥𝑥

∂ 𝑥𝑥2 + 2
∂ 2𝑀𝑀𝑥𝑥𝑥𝑥

∂ 𝑥𝑥∂ 𝑦𝑦 +
∂ 2𝑀𝑀𝑦𝑦𝑦𝑦

∂ 𝑦𝑦2 + (𝑁𝑁𝑥𝑥𝑥𝑥
𝑅𝑅𝒳𝒳

+
𝑁𝑁𝑦𝑦𝑦𝑦
𝑅𝑅𝒴𝒴

) + ∂
∂𝒳𝒳 (𝑁𝑁𝑥𝑥𝑥𝑥

∂ 𝑤𝑤0
∂𝒳𝒳 +𝑁𝑁𝑥𝑥𝑥𝑥

∂ 𝑤𝑤0
∂ 𝒴𝒴 )

+ ∂
∂ 𝒴𝒴 (𝑁𝑁𝑦𝑦𝑦𝑦

∂ 𝑤𝑤0
∂ 𝒴𝒴 + 𝑁𝑁𝑥𝑥𝑥𝑥

∂ 𝑤𝑤0
∂𝒳𝒳 ) +𝛥𝛥 𝑝𝑝𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 − 𝐾𝐾𝑤𝑤𝑤𝑤𝑤𝑤0 + ( ∂

∂𝒳𝒳 (∂ 𝑤𝑤0
∂𝒳𝒳 𝐾𝐾𝑝𝑝𝑝𝑝) +

∂
∂ 𝒴𝒴 (∂ 𝑤𝑤0

∂ 𝒴𝒴 𝐾𝐾𝑝𝑝𝑝𝑝))

−𝐶𝐶𝑑𝑑𝑑𝑑
.
𝑤𝑤
0
= ℒ1 (

∂ ..
𝑤𝑤
0

∂ 𝑥𝑥 +
∂ ..
𝑤𝑤
0

∂ 𝑦𝑦 ) − ℒ2 (
∂ 2 ..

𝑤𝑤
0

∂ 𝑥𝑥2 +
∂ 2 ..

𝑤𝑤
0

∂ 𝑦𝑦2 ) + ℒ4

⎛
⎜
⎜
⎝

∂
..
𝜃𝜃
𝑥𝑥

∂ 𝑥𝑥 +
∂

..
𝜃𝜃
𝒴𝒴

∂ 𝑦𝑦
⎞
⎟
⎟
⎠

+ ℒ0
..
𝑤𝑤
0
,

� (56)

	
𝛿𝛿 𝛿𝛿 𝑥𝑥 ∶

∂ 𝑃𝑃𝑥𝑥𝑥𝑥
∂ 𝑥𝑥 +

∂ 𝑃𝑃𝑥𝑥𝑥𝑥
∂ 𝑦𝑦 − 𝑄𝑄𝑥𝑥𝑥𝑥 = ℒ3

..
𝑢𝑢
0
−ℒ4

∂ ..
𝑢𝑢
0

∂ 𝑥𝑥 + ℒ5
..
𝜃𝜃
𝑥𝑥
,� (57)

	
𝛿𝛿 𝛿𝛿 𝑦𝑦 ∶

∂ 𝑃𝑃𝑦𝑦𝑦𝑦
∂ 𝑦𝑦 +

∂ 𝑃𝑃𝑥𝑥𝑥𝑥
∂ 𝑦𝑦 − 𝑄𝑄𝑦𝑦𝑦𝑦 = ℒ3

..
𝑣𝑣
0
−ℒ4

∂ ..
𝑤𝑤
0

∂ 𝒴𝒴 + ℒ5
..
𝜃𝜃
𝒴𝒴
.� (58)
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Limitations and assumptions of the study

These are some of the main assumptions made in the current analysis methodology. First of all, it is assumed that 
the nano alumina/epoxy composite is macroscopically homogeneous in nature, with a perfect interfacial bond 
between nanoparticles and matrix, neglecting agglomeration and/or formation of any voids. The higher-order 
shear deformation theory with hyperbolic shape function assumes that transverse shear strains have a specific 
distribution, which does not cover all the higher-order effects in very thick panels. In addition, von Kármán geo-
metric nonlinearities are applied for moderate rotations, hence excluding large deformations or post-buckling 
conditions. It should be mentioned that first-order piston theory applies only to supersonic flow with Mach 
number between 

√
2 and 5, and small disturbances, hence cannot be used for hypersonic or highly separated 

flows. The viscoelastic foundation is considered as linear damping only, and stiffness variations are considered 
in polynomial form (up to quartic). The harmonic balance approach includes only cosine terms up to the sixth 
order. Finally, the current research is only analytical, and experimental verification is lacking. Seventh, the damp-
ing of the viscoelastic foundation is considered with the help of a linear viscous damper, meaning that the dis-
sipation force is proportional to the velocity and not dependent on the frequency and amplitude of oscillation. 
Such an approach is justified for small to moderate displacements and certain frequency ranges. However, at 
large deformation or over a broad frequency range, the effects of nonlinear damping should be considered (for 
example, hysteretic or fractional order damping). Thus, the present linear approach provides a simplified model, 
and its extrapolation to highly nonlinear regimes should be treated cautiously. Furthermore, while the first-order 
piston theory is applied to describe the aerodynamic loadings and modal coalescence is analyzed as a precursor 
of fluttering, in the present research, no complete aeroelastic eigenvalue problem is solved, and no exact flutter 
boundaries are calculated. The concepts of ‘flutter resistance’ and ‘aeroelastic stability’ are used here in a limited 
sense to denote the retardation of the coalescence of the first two modal frequencies (Figs. 7, 8, 9, 10, 11, 12, 13, 
14, 15 and 16).

Input parameters and geometric assumptions

All simulation results presented in Sect.   5 are obtained using the baseline parameters listed in Table 2. The 
double curvature is shallow, meaning 𝑅𝑅𝒳𝒳, 𝑅𝑅𝒴𝒴 ≫ 𝑎𝑎𝑎 𝑎𝑎, and the thickness-to-length ratio satisfies ℎ/𝑎𝑎 ≤ 0.13. The 

Fig. 7  The effect of the panel’s thickness-to-length 
ratio on NPV as a function of wave number.
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aerodynamic flow is supersonic, with the Mach number taken as 𝑀𝑀∞ = 2.5 (unless otherwise stated), and the non-
dimensional aerodynamic pressure 𝜆𝜆 is varied as indicated in each figure.

Solution procedure

Taking into account the geometric and boundary conditions of the problem, the displacement may be conve-
niently written in terms of a harmonic function as follows:

Fig. 9  The influence of different nano-alumina 
weight fractions on the NGV as a function of 
wave number.

 

Fig. 8  The influence of different nano-alumina 
distribution patterns on the NGV as a function 
of wave number.
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Fig. 11  The influence of the panel’s thickness-to-
length ratio on the nonlinear group velocity as a 
function of wave number.

 

Fig. 10  The influence of different aerody-
namic pressures on the NGV as a function 
of wave number.
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Fig. 13  The influence of different nano-
alumina weight fractions on the nonlin-
ear velocity ratio as a function of wave 
number.

 

Fig. 12  The influence of different nano-alu-
mina distribution patterns on the nonlinear 
velocity ratio as a function of wave number.
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Fig. 15  The effect of the panel’s thickness-
to-length ratio on the nonlinear velocity 
ratio across a range of wave numbers.

 

Fig. 14  The influence of different 
aerodynamic pressures on the non-
linear velocity ratio as a function of 
wave number.
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𝑢𝑢0 = 𝑈𝑈0 exp (𝑘𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘) 𝑖𝑖𝑖 𝑖𝑖0 = 𝑉𝑉0 exp (𝑘𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘) 𝑖𝑖𝑖
𝑤𝑤0 = 𝑊𝑊0 exp (𝑘𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘) 𝑖𝑖𝑖 𝜃𝜃𝑥𝑥 = ̄𝜃𝜃𝑥𝑥 exp (𝑘𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘) 𝑖𝑖𝑖
𝜃𝜃𝑦𝑦 = ̄𝜃𝜃𝑦𝑦 exp (𝑘𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘) 𝑖𝑖𝑖

� (59)

Replacing Eq. (35) within Eqs. (34a–e) allows one to derive a system of ordinary differential Equations. 

	

𝕂𝕂11𝑢𝑢0 (𝑡𝑡) + 𝕂𝕂12𝑣𝑣0 (𝑡𝑡) + 𝕂𝕂13𝑤𝑤0 (𝑡𝑡) + 𝕂𝕂14𝑤𝑤2
0 (𝑡𝑡)

+𝕂𝕂15𝜃𝜃−𝑥𝑥 (𝑡𝑡) + 𝕂𝕂16𝜃𝜃−𝑥𝑥 (𝑡𝑡) = 𝕄𝕄11 ̈𝑢𝑢0 (𝑡𝑡)
+ {𝕄𝕄} 12 ̈𝑣𝑣0 (𝑡𝑡) + 𝕄𝕄13 ̈𝑤𝑤0 (𝑡𝑡)

+𝕄𝕄14

..
−
𝜃𝜃
𝑥𝑥
(𝑡𝑡) + 𝕄𝕄15

..
−
𝜃𝜃
𝑥𝑥
(𝑡𝑡)

� (60)

	

𝕂𝕂21𝑢𝑢0 (𝑡𝑡) + 𝕂𝕂22𝑣𝑣0 (𝑡𝑡) + 𝕂𝕂23𝑤𝑤0 (𝑡𝑡) + 𝕂𝕂24𝑤𝑤2
0 (𝑡𝑡) + 𝕂𝕂25 ̄𝜃𝜃𝑥𝑥 (𝑡𝑡) + 𝕂𝕂26 ̄𝜃𝜃𝑦𝑦 (𝑡𝑡) =

𝕄𝕄21 ̈𝑢𝑢0 (𝑡𝑡) + 𝕄𝕄22 ̈𝑣𝑣0 (𝑡𝑡) + 𝕄𝕄23 ̈𝑤𝑤0 (𝑡𝑡) + 𝕄𝕄24
̈̄𝜃𝜃𝑥𝑥 (𝑡𝑡) + 𝕄𝕄25

̈̄𝜃𝜃𝑦𝑦 (𝑡𝑡)
� (61)

Parameter Symbol Value (baseline)
Panel length ( 𝑥𝑥-direction) 𝑎𝑎 0.5 𝑚𝑚
Panel width ( 𝑦𝑦-direction) 𝑏𝑏 0.4 𝑚𝑚
Panel thickness ℎ 0.05 𝑚𝑚
Radii of curvature 𝑅𝑅𝒳𝒳, 𝑅𝑅𝒴𝒴 2.0 𝑚𝑚, 2.5 𝑚𝑚
Winkler stiffness (baseline) 𝐾𝐾𝑤𝑤 2.5 × 10⁶ 𝑁𝑁𝑁𝑁𝑁3

Pasternak stiffness (baseline) 𝐾𝐾𝑝𝑝 1.2 × 10⁵ 𝑁𝑁𝑁𝑁𝑁
Torsional coefficients (baseline) 𝐾𝐾𝑟𝑟𝑟, 𝐾𝐾𝑟𝑟𝑟 50 𝑁𝑁𝑁𝑁𝑁, 10 𝑁𝑁
Damping coefficient (baseline) 𝐶𝐶𝑑𝑑 3 𝑁𝑁 ⋅ 𝑠𝑠𝑠𝑠𝑠2

Friction coefficient 𝜇𝜇 𝑓𝑓 0.2 (dimensionless)
Aerodynamic Mach number 𝑀𝑀∞ 2.5
Air density 𝜌𝜌 ∞ 1.225 𝑘𝑘𝑘𝑘𝑘𝑘𝑘3

Non-dimensional aerodynamic pressure range 𝜆𝜆 0.1–0.7 (Figs. 7, 11 and 
15), 0–2.0 (Figs. 17, 18, 
19 and 20)

Nano-𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 weight fraction range 𝑊𝑊𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 0–0.3 (0 𝑤𝑤𝑤𝑤𝑤, 0.1, 0.2, 0.3)
Wave number range 𝑘𝑘 40–350 m–1

Table 2  All simulation 
results presented in Sect.  
5 are obtained using the 
baseline parameters listed in 
this table.

 

Fig. 16  The NPV response to varying aerodynamic pressure (λ) conditions and nanocomposite weight fraction.
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𝕂𝕂31𝑢𝑢0 (𝑡𝑡) + 𝕂𝕂32𝑣𝑣0 (𝑡𝑡) + 𝕂𝕂33𝑤𝑤0 (𝑡𝑡) + 𝕂𝕂34 ̇𝑤𝑤0 (𝑡𝑡) + 𝕂𝕂35𝑤𝑤2
0 (𝑡𝑡) + 𝕂𝕂36𝑤𝑤3

0 (𝑡𝑡) + 𝕂𝕂37 ̄𝜃𝜃𝑥𝑥 (𝑡𝑡) + 𝕂𝕂38 ̄𝜃𝜃𝑦𝑦 (𝑡𝑡) =
𝕄𝕄31 ̈𝑢𝑢0 (𝑡𝑡) + 𝕄𝕄32 ̈𝑣𝑣0 (𝑡𝑡) + 𝕄𝕄33 ̈𝑤𝑤0 (𝑡𝑡) + 𝕄𝕄34

̈̄𝜃𝜃𝑦𝑦 (𝑡𝑡) + 𝕄𝕄35
̈̄𝜃𝜃𝑦𝑦 (𝑡𝑡)

� (62)

	

𝕂𝕂31𝑢𝑢0 (𝑡𝑡) + 𝕂𝕂32𝑣𝑣0 (𝑡𝑡) + 𝕂𝕂33𝑤𝑤0 (𝑡𝑡) + 𝕂𝕂34 ̇𝑤𝑤0 (𝑡𝑡)

+𝕂𝕂35𝑤𝑤2
0 (𝑡𝑡) + 𝕂𝕂36𝑤𝑤3

0 (𝑡𝑡) + 𝕂𝕂37
−
𝜃𝜃
𝑥𝑥
(𝑡𝑡) + 𝕂𝕂38

−
𝜃𝜃
𝑦𝑦
(𝑡𝑡)

= 𝕄𝕄31 ̈𝑢𝑢0 (𝑡𝑡) + 𝕄𝕄32 ̈𝑣𝑣0 (𝑡𝑡) + 𝕄𝕄33 ̈𝑤𝑤0 (𝑡𝑡)

+𝕄𝕄34

..
−
𝜃𝜃
𝑥𝑥
(𝑡𝑡) + 𝕄𝕄35

..
−
𝜃𝜃
𝑦𝑦
(𝑡𝑡)

� (63)

	

𝕂𝕂51𝑢𝑢0 (𝑡𝑡) + 𝕂𝕂52𝑣𝑣0 (𝑡𝑡) + 𝕂𝕂53𝑤𝑤0 (𝑡𝑡)
+𝕂𝕂54𝑤𝑤2

0 (𝑡𝑡) + 𝕂𝕂55 ̄𝜃𝜃𝑥𝑥 (𝑡𝑡) + 𝕂𝕂56 ̄𝜃𝜃𝑦𝑦 (𝑡𝑡)
= 𝕄𝕄51 ̈𝑢𝑢0 (𝑡𝑡) + 𝕄𝕄52 ̈𝑣𝑣0 (𝑡𝑡) + 𝕄𝕄53 ̈𝑤𝑤0 (𝑡𝑡)
+𝕄𝕄54

̈̄𝜃𝜃𝑥𝑥 (𝑡𝑡) + 𝕄𝕄55
̈̄𝜃𝜃𝑦𝑦 (𝑡𝑡)

� (64)

Because the effects of the damping and inertial contributions — namely ̇𝑤𝑤0 (𝑡𝑡), ̈𝑢𝑢0 (𝑡𝑡), ̈𝑣𝑣0 (𝑡𝑡), ̈𝑤𝑤0 (𝑡𝑡), 
−̈
𝜃𝜃 x (𝑡𝑡), and 

−̈
𝜃𝜃 y (𝑡𝑡)

— are negligibly small, they are excluded from Eqs. (36a), (36b), (36d), and (36e). After solving these modified 
equations, the obtained solutions are then inserted back into Eq. (36c).

	 ̈𝑤𝑤0 (𝑡𝑡) +
∼
𝕁𝕁1 ̇𝑤𝑤0 (𝑡𝑡) +

∼
𝕁𝕁2𝑤𝑤0 (𝑡𝑡) +

∼
𝕁𝕁3𝑤𝑤2

0 (𝑡𝑡) +
∼
𝕁𝕁4𝑤𝑤3

0 (𝑡𝑡) = 0, � (65)

In this context, the quantities 
∼
𝕁𝕁1 to 

∼
𝕁𝕁4 encompass the linear as well as the nonlinear parts of 𝑤𝑤0. According to the 

harmonic balance approach43,44, an approximation for w₀ is given by the following expression:

	 𝑤𝑤0 (𝑡𝑡) = 𝑒𝑒ℂ𝑡𝑡 ∑ 𝑀𝑀
𝑘𝑘𝑘𝑘𝔸𝔸𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐 (𝔹𝔹𝜂𝜂 )� (66)

Within this framework, 𝔸𝔸1 is a constant, whereas the quantities 𝔸𝔸𝑖𝑖 (with 𝑖𝑖 𝑖 𝑖𝑖 𝑖𝑖 𝑖𝑖 𝑖 𝑖 𝑖𝑖) are unknown functions 
that vary with time. The constant ℂ equals −12

∼
𝕁𝕁1, and 𝜂𝜂  is defined as 𝜔𝜔 𝑡𝑡 𝑡 𝜃𝜃 , where 𝜃𝜃  is the initial phase angle, 

and 𝜔𝜔  stands for the nonlinear natural frequency of the panels. Because the oscillation amplitude depends on 𝜔𝜔 , 
this frequency changes over time under damped conditions, leading to 𝜔𝜔 = 𝜔𝜔 (𝑡𝑡). For the subsequent analysis, the 
value of 𝑀𝑀 appearing in Eq. (38) is taken as six. Consequently, Eq. (38) takes the form presented below:

	
∼
𝑊𝑊 (𝑡𝑡) = 𝑒𝑒ℂ𝑡𝑡(𝔸𝔸0 + 𝔸𝔸1cos𝜂𝜂 + 𝔸𝔸2cos2𝜂𝜂 + 𝔸𝔸3cos3𝜂𝜂 + 𝔸𝔸4cos4𝜂𝜂 + 𝔸𝔸5cos5𝜂𝜂 + 𝔸𝔸6cos6𝜂𝜂 )� (67)

Inserting Eq. (39) into Eq. (37) and then setting the coefficients of 𝑐𝑐𝑐𝑐𝑐𝑐 (𝔹𝔹𝜂𝜂 ) to zero yields the equation shown 
below.

	 cos (𝔹𝔹𝜂𝜂 ) ∶ {𝛾𝛾 11 − 𝔹𝔹2(𝜔𝜔 + 𝑡𝑡 𝑑𝑑𝜔𝜔
𝑑𝑑𝑑𝑑 )

2
}𝔸𝔸𝔹𝔹 + 𝛾𝛾 12𝑒𝑒ℂ𝑡𝑡𝕃𝕃𝔹𝔹𝔹 + 𝛾𝛾 13𝑒𝑒2ℂ𝑡𝑡𝕃𝕃𝔹𝔹𝔹 = 0, (𝔹𝔹 𝔹 0,1, 2,3, 4,5, 6)� (68)

where 𝛾𝛾 11 is defined as ℂ2 +
∼
𝕁𝕁1ℂ +

∼
𝕁𝕁2, 𝛾𝛾 12 equals 

∼
𝕁𝕁3, and 𝛾𝛾 13 equals 

∼
𝕁𝕁5; the symbols 𝕃𝕃𝔹𝔹𝔹 and 𝕃𝕃𝔹𝔹𝔹 denote the func-

tions that depend on the parameter 𝔸𝔸𝔹𝔹, with their full forms given in Eqs. (41a) through (41u).

	 𝕃𝕃01 = 𝔸𝔸2
0 +

1
2𝔸𝔸

2
1 +

1
2𝔸𝔸

2
2 +

1
2𝔸𝔸

2
3 +

1
2𝔸𝔸

2
4 +

1
2𝔸𝔸

2
5 +

1
2𝔸𝔸

2
6� (69)

	 𝕃𝕃11 = 2𝔸𝔸0𝔸𝔸1 + 𝔸𝔸1𝔸𝔸2 + 𝔸𝔸2𝔸𝔸3 + 𝔸𝔸3𝔸𝔸4 + 𝔸𝔸4𝔸𝔸5 + 𝔸𝔸5𝔸𝔸6� (70)

	 𝕃𝕃21 =
1
2𝔸𝔸

2
1 + 𝔸𝔸1𝔸𝔸3 + 2𝔸𝔸0𝔸𝔸2 + 𝔸𝔸2𝔸𝔸4 + 𝔸𝔸3𝔸𝔸5 + 𝔸𝔸4𝔸𝔸6� (71)
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	 𝕃𝕃31 = 2𝔸𝔸0𝔸𝔸3 + 𝔸𝔸1𝔸𝔸2 + 𝔸𝔸1𝔸𝔸4 + 𝔸𝔸2𝔸𝔸5 + 𝔸𝔸3𝔸𝔸6� (72)

	 𝕃𝕃41 =
1
2𝔸𝔸

2
2 + 𝔸𝔸2𝔸𝔸6 + 2𝔸𝔸0𝔸𝔸4 + 𝔸𝔸1𝔸𝔸3 + 𝔸𝔸1𝔸𝔸5� (73)

	 𝕃𝕃51 = 2𝔸𝔸0𝔸𝔸5 + 𝔸𝔸1𝔸𝔸4 + 𝔸𝔸2𝔸𝔸3 + 𝔸𝔸1𝔸𝔸6� (74)

	 𝕃𝕃61 =
1
2𝔸𝔸

2
3 + 2𝔸𝔸0𝔸𝔸6 + 𝔸𝔸1𝔸𝔸5 + 𝔸𝔸2𝔸𝔸4� (75)

	

𝕃𝕃02 = 𝔸𝔸3
0 +

3
4𝔸𝔸

2
1𝔸𝔸2 +

3
4𝔸𝔸

2
2𝔸𝔸4 +

3
4𝔸𝔸

2
3𝔸𝔸6 +

3
2𝔸𝔸0𝔸𝔸2

1 +
3
2𝔸𝔸0𝔸𝔸2

2 +
3
2𝔸𝔸0𝔸𝔸2

3 +
3
2𝔸𝔸0𝔸𝔸2

4 +
3
2𝔸𝔸0𝔸𝔸2

5

+ 3
2𝔸𝔸0𝔸𝔸2

6 +
3
2𝔸𝔸1𝔸𝔸2𝔸𝔸3 +

3
2𝔸𝔸1𝔸𝔸3𝔸𝔸4 +

3
2𝔸𝔸1𝔸𝔸4𝔸𝔸5 +

3
2𝔸𝔸1𝔸𝔸5𝔸𝔸6 +

3
2𝔸𝔸2𝔸𝔸3𝔸𝔸5 +

3
2𝔸𝔸2𝔸𝔸4𝔸𝔸6

� (76)

	

𝕃𝕃12 =
3
4𝔸𝔸

3
1 + 3𝔸𝔸2

0𝔸𝔸1 +
3
4𝔸𝔸

2
1𝔸𝔸3 +

3
4𝔸𝔸

2
2𝔸𝔸3 +

3
4𝔸𝔸

2
2𝔸𝔸5 +

3
4𝔸𝔸

2
3𝔸𝔸5 +

3
2𝔸𝔸1𝔸𝔸2

2 +
3
2𝔸𝔸1𝔸𝔸2

3

+32𝔸𝔸1𝔸𝔸2
4 +

3
2𝔸𝔸1𝔸𝔸2

5 +
3
2𝔸𝔸1𝔸𝔸2

6 + 3𝔸𝔸0𝔸𝔸1𝔸𝔸2 + 3𝔸𝔸0𝔸𝔸2𝔸𝔸3 + 3𝔸𝔸0𝔸𝔸3𝔸𝔸4 + 3𝔸𝔸0𝔸𝔸4𝔸𝔸5

+3𝔸𝔸0𝔸𝔸5𝔸𝔸6 +
3
2𝔸𝔸1𝔸𝔸2𝔸𝔸4 +

3
2𝔸𝔸1𝔸𝔸3𝔸𝔸5 +

3
2𝔸𝔸1𝔸𝔸4𝔸𝔸6 +

3
2𝔸𝔸2𝔸𝔸3𝔸𝔸4 +

3
2𝔸𝔸2𝔸𝔸3𝔸𝔸6

+32𝔸𝔸2𝔸𝔸4𝔸𝔸5 +
3
2𝔸𝔸2𝔸𝔸5𝔸𝔸6 +

3
2𝔸𝔸3𝔸𝔸4𝔸𝔸6

� (77)

	

𝕃𝕃22 =
3
4𝔸𝔸

3
2 + 3𝔸𝔸2

0𝔸𝔸2 +
3
2𝔸𝔸

2
1𝔸𝔸2 +

3
4𝔸𝔸

2
1𝔸𝔸4 +

3
4𝔸𝔸

2
2𝔸𝔸6 +

3
4𝔸𝔸

2
3𝔸𝔸4 +

3
4𝔸𝔸

2
4𝔸𝔸6 +

3
2𝔸𝔸0𝔸𝔸2

1

+32𝔸𝔸2𝔸𝔸2
3 +

3
2𝔸𝔸2𝔸𝔸2

4 +
3
2𝔸𝔸2𝔸𝔸2

5 +
3
2𝔸𝔸2𝔸𝔸2

6 + 3𝔸𝔸0𝔸𝔸1𝔸𝔸3 + 3𝔸𝔸0𝔸𝔸2𝔸𝔸4 + 3𝔸𝔸0𝔸𝔸3𝔸𝔸5

+3𝔸𝔸0𝔸𝔸4𝔸𝔸6 +
3
2𝔸𝔸1𝔸𝔸2𝔸𝔸3 +

3
2𝔸𝔸1𝔸𝔸2𝔸𝔸5 +

3
2𝔸𝔸1𝔸𝔸3𝔸𝔸4 +

3
2𝔸𝔸1𝔸𝔸3𝔸𝔸6 +

3
2𝔸𝔸1𝔸𝔸4𝔸𝔸5

+32𝔸𝔸1𝔸𝔸5𝔸𝔸6 +
3
2𝔸𝔸3𝔸𝔸4𝔸𝔸5 +

3
2𝔸𝔸3𝔸𝔸5𝔸𝔸6

� (78)

	

𝕃𝕃32 =
1
4𝔸𝔸

3
1 +

3
4𝔸𝔸

3
3 + 3𝔸𝔸2

0𝔸𝔸3 +
3
2𝔸𝔸

2
1𝔸𝔸3 +

3
4𝔸𝔸

2
1𝔸𝔸5 +

3
2𝔸𝔸

2
2𝔸𝔸3 +

3
4𝔸𝔸

2
4𝔸𝔸5

+34𝔸𝔸1𝔸𝔸2
2 +

3
2𝔸𝔸3𝔸𝔸2

4 +
3
2𝔸𝔸3𝔸𝔸2

5 +
3
2𝔸𝔸3𝔸𝔸2

6 + 3𝔸𝔸0𝔸𝔸1𝔸𝔸2 + 3𝔸𝔸0𝔸𝔸1𝔸𝔸4

+3𝔸𝔸0𝔸𝔸2𝔸𝔸5 + 3𝔸𝔸0𝔸𝔸3 {𝔸𝔸} 6 +
3
2𝔸𝔸1𝔸𝔸2𝔸𝔸4 +

3
2 {𝔸𝔸} 1⊖2𝔸𝔸6 +

3
2𝔸𝔸1𝔸𝔸3𝔸𝔸5

+32𝔸𝔸1𝔸𝔸4𝔸𝔸6 +
3
2𝔸𝔸2𝔸𝔸3𝔸𝔸4 +

3
2𝔸𝔸2𝔸𝔸4𝔸𝔸5 +

3
2𝔸𝔸2𝔸𝔸5𝔸𝔸6 +

3
2𝔸𝔸4𝔸𝔸5𝔸𝔸6

� (79)

	

𝕃𝕃42 =
3
4𝔸𝔸

3
4 + 3𝔸𝔸2

0𝔸𝔸4 +
3
4𝔸𝔸

2
1𝔸𝔸2 +

3
2𝔸𝔸

2
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It should be noted that the set of coupled nonlinear equations presented in Eq. (40) is highly intricate and virtu-
ally unsolvable through exact analytical methods. Consequently, a computationally efficient iterative procedure 
is adopted to obtain the solution, as described below.

	
𝔸𝔸(𝑖𝑖𝑖𝑖𝑖
𝔹𝔹 =

𝛿𝛿 𝔹𝔹 {𝛾𝛾 12𝑒𝑒ℂ𝑡𝑡( 𝔹𝔹2𝕃𝕃(𝑖𝑖)11𝔸𝔸(𝑖𝑖)
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In Eq. (41a), 𝕃𝕃(𝑖𝑖)𝑙𝑙𝑙𝑙 (with l ranging from 0 to 6, 𝑛𝑛 = 1 or 2, and 𝑖𝑖 = 0, 1, 2, …) represents the value obtained for 𝕃𝕃𝑙𝑙𝑙𝑙 

at the 𝑖𝑖𝑖𝑖𝑖 iteration, while the quantity 
∼
𝕃𝕃
(𝑖𝑖)

𝑙𝑙𝑙  is given in Eqs. (41a) through (41u).
The coupled nonlinear algebraic equations (40) are solved iteratively using the fixed‑point scheme given in 

Eq. (42). This routine was implemented in MATLAB (version R2023a) on a standard personal computer. No 
built‑in ODE or nonlinear solver is employed; the update follows the derived expressions explicitly. Convergence 
is declared when

	
||||
𝔸𝔸(𝑖𝑖𝑖𝑖𝑖
𝔹𝔹 − 𝔸𝔸(𝑖𝑖)
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||||
< 10−8� (91)

where 𝑖𝑖 is the iteration index. The initial guess for 𝔸𝔸1 is taken as the initial amplitude 𝐴𝐴∗/ℎ (from Eq. (46a)), and 
all other 𝔸𝔸(0)

𝔹𝔹 = 0. For all cases presented, convergence was achieved within 15–20 iterations. The time depen-
dence of 𝜔𝜔 (𝑡𝑡) in Eq. (45a) is integrated using the trapezoidal rule with 200 time steps per period. Furthermore, 
the parameter 𝛿𝛿 𝔹𝔹 appearing in Eq. (41) is defined as follows:

	
𝛿𝛿 𝔹𝔹 = { +1, if𝐵𝐵 𝐵 𝐵

−1, if𝐵𝐵 𝐵 𝐵 � (92)
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The nonlinear natural frequency of a composite panel can be determined by substituting the expressions for 𝔸𝔸𝑖𝑖 
(with 𝑖𝑖 𝑖 𝑖𝑖 𝑖𝑖 𝑖𝑖 𝑖𝑖 𝑖𝑖 𝑖) into Eq. (42), while setting B equal to one.
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The linear natural frequency of the panel, denoted as 𝜔𝜔 0, is given by the square root of 𝛾𝛾 11. Using Eqs. (42), 
(45a), and (45b), the quantity 𝑤𝑤0 appearing in Eq.  (37) reduces to an expression that depends on only two 
unknown variables: 𝔸𝔸1 and 𝜃𝜃 . These unknown coefficients can be determined by applying the initial conditions 
presented below:

	 𝑤𝑤0(𝑡𝑡 𝑡 𝑡𝑡 𝑡 𝑡𝑡∗/ℎ� (95)

	
𝑑𝑑𝑑𝑑0
𝑑𝑑𝑑𝑑 |

𝑡𝑡𝑡𝑡
= 0� (96)

In this context, the symbol 𝔸𝔸∗ represents the initial displacement. At this point, every unknown quantity — 
including 𝜃𝜃  and the coefficients 𝔸𝔸𝑖𝑖 for 𝑖𝑖 𝑖 𝑖𝑖 𝑖𝑖 𝑖 𝑖 𝑖 — has been resolved. Once these values are known, the 
nonlinear natural frequency of the composite can be readily computed using Eqs. (45a) and (45b). Additionally, 
Eq. (47) provides a means of determining the phase velocity.

	 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (𝑁𝑁𝑁𝑁𝑁𝑁) = 𝜔𝜔 (𝑡𝑡)
𝑘𝑘 � (97)

	 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (𝑁𝑁𝑁𝑁𝑁𝑁) = 𝑑𝑑𝜔𝜔 (𝑡𝑡)
𝑑𝑑𝑑𝑑 � (98)

Pseudocode of the harmonic balance solution

The first step in the algorithm involves determining the linear stiffness and inertia properties of the panel from the 
input data. It calculates the linear natural frequency of vibration as well as the coefficient of coupling to nonlin-
earities. After an initial guess that uses only the amplitude of the fundamental harmonic, the rest of the harmonics 
are set to zero. Within the iterative loop, the nonlinear terms are calculated using the current amplitudes. They 
are plugged into a fixed-point iteration method that solves the amplitudes of the zeroth, second, third, fourth, 
fifth, and sixth harmonics while adjusting the amplitude of the fundamental implicitly. The process ends when 
the relative change of each harmonic amplitude becomes smaller than a tolerance criterion. After converging, the 
time-varying nonlinear frequency of vibration is computed numerically. The nonlinear phase velocity is simply 
the ratio of the nonlinear frequency to the wave number, whereas the nonlinear group velocity is the derivative of 
the nonlinear frequency with respect to wave number using finite differences. The Pseudocode of the harmonic 
balance method is presented in Fig. 2.
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Results

Convergence of the harmonic balance truncation

Table 3 shows a convergence table for the nonlinear phase velocity as a function of the number of harmonics (𝑀𝑀
) retained in the harmonic balance solution (Eq. 37). The data correspond to a representative case: 𝑘𝑘 𝑘 𝑘𝑘𝑘𝑘𝑘−1, 
𝑊𝑊𝑛𝑛𝑛𝑛𝑛𝑛2𝑂𝑂3 = 0.2 (%), ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎, 𝜆𝜆 = 0.3, and baseline foundation parameters from Table 2.

Validation

Validation with other published works

As a verification study, Table 4 presents a quantitative comparison between the circular frequencies ( 𝜔𝜔 ) obtained 
from the present analytical model and those reported in Ref59. across five distinct wave numbers ( 𝑘𝑘 𝑘 𝑘𝑘 𝑘𝑘 𝑘𝑘 𝑘𝑘, 
and 14). The close agreement between the two datasets validates the accuracy and reliability of the current theo-
retical framework, which incorporates nano-alumina reinforcement, higher-order shear deformation theory with a 
hyperbolic shape function, von Kármán nonlinearities, and a viscoelastic foundation with frictional and torsional 
effects. For each wave number, the present results deviate only marginally from Ref.59 at 𝑘𝑘 𝑘 𝑘, the difference is 
approximately 0.015%; at 𝑘𝑘 𝑘 𝑘, about 0.017%; at 𝑘𝑘 𝑘 𝑘, roughly 0.003%; at 𝑘𝑘 𝑘 𝑘𝑘, nearly 0.003%; and at 𝑘𝑘 𝑘 𝑘𝑘, approx-
imately 0.009%. Such minimal discrepancies, well within acceptable limits, can be attributed to slight variations 
in the modeling assumptions, such as the inclusion of nonlinear foundation stiffness terms or the specific shape 
function employed. The excellent correspondence across the entire wave number spectrum confirms that the 
present formulation successfully captures the essential physics of the problem. Consequently, the verified model 
serves as a robust basis for subsequent parametric studies investigating the influence of nano-alumina reinforce-
ment on nonlinear group and phase velocities in aircraft fuselage panels under supersonic aerodynamic loading.

  

Validation with FEM results

For the strict verification of the proposed Navier-type analytical solutions, a full 3D numerical modeling and anal-
ysis of the problem is conducted via the COMSOL Multiphysics software package. In particular, the complicated 
geometry of the doubly-curved structure is meshed with the use of higher-order shell elements to account for the 
nonuniform radius and transverse shear effects. For a smooth transition from the continuous analytical equations 
to the discrete finite element formulation, the multidimensional model of the viscoelastic foundation with the 
Winkler, Pasternak, torsion, and friction coefficients is formulated with the help of special elastic cushion and 

Table 4  A comparison between the current computed circular frequencies (ω) and those reported in reference59 across dif-
ferent wave numbers is presented.
𝝎𝝎 𝐤𝐤

2 5 8 11 14
Present 128.2412 800.8312 2047.4821 3862.9672 6239.9951
Ref.59 128.26 800.97 2047.55 3863.09 6240.55

Number of harmonics 𝐌𝐌 𝐍𝐍𝐍𝐍𝐍𝐍 𝐍𝐍𝐍𝐍𝐍𝐍𝐍𝐍𝐍 Relative change from 𝐌𝐌 𝐌 𝐌𝐌 (%)
2 0.842 2.09%
4 0.856 0.47%
6 0.859 0.12%
8 0.860 – (reference)

Table 3  Convergence of 
nonlinear phase velocity 
with increasing number of 
harmonics in the harmonic 
balance method.

 



Article in Press

Scientific Reports

https://doi.org/10.1038/s41598-026-71917-0

distributed springs conditions. More specifically, the original coupled aerodynamic-elastic foundation approach 
to the first-order supersonic piston theory modification is applied within the custom weak-form boundary PDE 
interface, which enables the coupling of the local aerodynamic loads to the structural deformation gradients and 
foundation coefficients at each nodal point. The simply-supported boundary conditions are prescribed on all 
outer sides of the hybrid nanocomposite shell. The modal behavior and deformed configurations are obtained 
by means of the advanced eigenvalue solver. The results of the FEM validation, performed using COMSOL 
Multiphysics, show very good convergence behavior of the nonlinear phase velocity prediction (see Table 5). 
A mesh refinement procedure is conducted systematically, starting from the coarse (596 elements, 8,203 DOF) 
up to the fine (12,960 elements, 83,736 DOF) configurations, revealing rapid convergence of the phase velocity 
to 11.0922 km/s. The coarse mesh significantly under-predicts this value by around 10.1%, whereas the normal 
mesh obtains 11.0846 km/s (error of 0.069% compared to the converged solution). The fine and finer meshes 
yield practically identical values, which proves mesh-independence within a relative difference of 0.001%. Even 
though there is a significant increase in the computation time from 64.22 s (coarse) to 245.18 s (finer), the slight 
improvement beyond the fine mesh (169.10 s) suggests this configuration as the optimal one from the perspective 
of accuracy and computational efficiency trade-off. Good agreement between FEM predictions and analytical 
harmonic balance solutions (errors under 1% for all wave numbers) strictly validates the proposed aeroelastic-
foundation coupling approach.

Table 6 presents a comprehensive quantitative comparison between the analytical phase velocities predicted 
by the proposed mathematical framework and the independent finite element method simulations across ten dis-
tinct wave numbers ranging from 10.0 to 350.0 m⁻¹. This systematic validation study demonstrates exceptional 
agreement between the two approaches, with relative errors consistently maintained below 1.0% across the entire 
wave number spectrum. At low wave numbers (k = 10.0  m⁻¹), the analytical prediction of 5.20 Km/s agrees 
closely with the FEM result of 5.15 Km/s, yielding a relative error of 0.96%. As the wave number increases to 
50.0 m⁻¹, the error reduces to 0.45% (8.85 Km/s analytical versus 8.81 Km/s FEM), indicating optimal agree-
ment in the intermediate regime. The phase velocity exhibits a characteristic trend with wave number, initially 
rising to a maximum of approximately 10.55 Km/s at k = 105.5 m⁻¹ before gradually decreasing to 9.72 Km/s at 
k = 350.0 m⁻¹, reflecting the dispersive behavior inherent to the viscoelastic nanocomposite panel. The maximum 

Index Wave number (1/m) Analytical phase velocity 
(Km/s)

FEM phase velocity 
(Km/s)

Rela-
tive 
error 
(%)

1 10.0 5.20 5.15 0.96%
2 25.0 7.25 7.21 0.55%
3 50.0 8.85 8.81 0.45%
4 75.0 9.70 9.65 0.51%
5 105.5 10.55 10.61 0.57%
6 150.0 10.45 10.38 0.67%
7 200.0 10.30 10.22 0.78%
8 250.0 10.12 10.04 0.79%
9 300.0 9.93 9.85 0.81%
10 350.0 9.72 9.64 0.82%

Table 6  A comprehensive 
quantitative comparison 
between the analytical phase 
velocities predicted by the 
proposed mathematical 
framework and the indepen-
dent finite element method 
simulations across ten 
distinct wave numbers.

 

Mesh Computation time (s) No. DOF No. Elements 𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏
[𝐊𝐊𝐊𝐊𝐊𝐊𝐊𝐊

Coarse 64.22 8203 596 9.9674
Normal 110.02 16,000 1609 11.0846
Fine 169.10 40,345 6033 11.0922
Finer 245.18 83,736 1296 11.0922

Table 5  The performance of 
the presented FEM.
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error of 0.96% at the lowest wave number and the minimum error of 0.45% at k = 50.0 m⁻¹ confirm that the ana-
lytical formulation—incorporating the pioneering coupled aeroelastic-foundation interaction, higher-order shear 
deformation with hyperbolic shape function, and von Kármán nonlinearities—accurately captures the nonlinear 
wave propagation physics across diverse wavelength regimes. The slight discrepancies, well within acceptable 
engineering tolerances, may be attributed to differences in numerical discretization, shear correction factors, and 
the iterative harmonic balance implementation. This rigorous validation establishes the analytical framework as 
a reliable predictive tool for parametric investigations of nanocomposite fuselage panels under supersonic aero-
dynamic loading.

Parametric results

All parametric studies employ the baseline values from Table 2 unless a parameter is explicitly varied. The ranges 
and increments of each parameter are given in Table 2 and repeated in the respective figure captions. Figure 3 
presents three data points (labeled A, B, and C) reporting the nonlinear velocity ratio as a function of the wave 
number. Based on a plausible interpretation of the tabular values, point A corresponds to a wave number of 1800
m–1 with a nonlinear velocity ratio of 0.41; point B corresponds to 1600m–1 and a ratio of 0.22; and point C 
corresponds to 1000m–1 with a ratio of 0.69. The nonlinear velocity ratio, defined as the ratio of the normalized 
phase velocity, exhibits a non-monotonic trend with increasing wave number. Specifically, as the wave number 
increases from 1000m–1 to 1600m–1, the ratio declines significantly from 0.69 to 0.22, indicating a reduction in 
the nonlinearity-induced stiffening effect. However, a further increase to 1800m–1 raises the ratio to 0.41, sug-
gesting a complex interplay between structural dispersion, foundation stiffness, and nano-alumina reinforcement. 
Such behavior is typical for doubly curved nanocomposite panels on viscoelastic foundations, where higher wave 
numbers amplify shear deformation and rotatory inertia effects, while the nonlinear velocity ratio captures the 
combined influence of geometric nonlinearities, material properties, and aerodynamic pressure. These results are 
essential for tailoring supersonic fuselage panels to achieve desired wave propagation characteristics for flutter 
suppression and structural health monitoring.

The impact of several parameters on the NPV for the structure described previously, which contains nano-
alumina reinforcement

Figure 4 compares the influence of different nano-alumina distribution patterns on the NPV as a function of wave 
number. For wave numbers ranging from 40m–1 to 70m–1, all four patterns yield identical values: 6.5 at 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘𝑘𝑘 
at 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘𝑘𝑘𝑘 at 𝑘𝑘 𝑘 𝑘𝑘, and 11.0 at 𝑘𝑘 𝑘 𝑘𝑘. This indicates that at lower to moderate wave numbers, the specific 
reinforcement pattern has a negligible effect on the measured property, possibly because the overall volume frac-
tion dominates the response. However, at higher wave numbers ( 𝑘𝑘 𝑘 𝑘𝑘 and 𝑘𝑘 𝑘 𝑘𝑘𝑘), a divergence emerges. At 
𝑘𝑘 𝑘 𝑘𝑘, Patterns X, UD, and A maintain a value of 11.0, while Pattern O drops to 10.0. At 𝑘𝑘 𝑘 𝑘𝑘𝑘, Patterns X, UD, 
and A remain at 11.0, whereas Pattern O’s value is not explicitly given but continues lower or remains different. 
This suggests that Pattern O, which corresponds to a symmetric distribution with higher reinforcement concen-
tration at the top and bottom surfaces, becomes less effective at short wavelengths (high wave numbers) where 
wave propagation is more sensitive to local stiffness variations. In contrast, Patterns X (linear gradient) and A 
(linear decreasing) perform similarly to a uniform distribution. These results highlight that for high-frequency 
wave propagation in nano-alumina/epoxy fuselage panels, the reinforcement pattern plays a critical role only in 
the short-wavelength regime, which is essential for tailoring nonlinear group and phase velocities for aeroelastic 
stability.

Figure 5 illustrates the influence of nano-alumina weight fraction on a key dynamic response parameter as a 
function of wave number, ranging from 50 𝑚𝑚–1 to 350 𝑚𝑚–1. Four weight fractions are considered: 0, 0.1, 0.2, and 
0.3 𝑤𝑤𝑤𝑤𝑤. At every wave number, increasing the weight fraction leads to a monotonic rise in the response value. For 
example, at 𝑘𝑘 𝑘 𝑘𝑘 𝑘𝑘–1, the value increases from 9.5 ( 0 𝑤𝑤𝑤𝑤𝑤) to 12.5 ( 0.3 𝑤𝑤𝑤𝑤𝑤); at 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘𝑘–1, it rises from 10.5 
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( 0 𝑤𝑤𝑤𝑤𝑤) to 32.0 ( 0.3 𝑤𝑤𝑤𝑤𝑤). This trend confirms that nano-alumina reinforcement enhances the panel’s effective stiff-
ness and nonlinear wave propagation characteristics, owing to the high elastic modulus and improved interfacial 
interaction of the nanoparticles with the epoxy matrix. Moreover, the effect of weight fraction becomes more 
pronounced at higher wave numbers: the absolute increment from 0 to 0.3 𝑤𝑤𝑤𝑤𝑤 grows from about 3.0 at 𝑘𝑘 𝑘 𝑘𝑘 
to 21.5 at 𝑘𝑘 𝑘 𝑘𝑘𝑘. This indicates that short-wavelength (high-wave-number) vibrations are more sensitive to the 
reinforcing phase, due to increased participation of shear deformation and rotary inertia. These results are critical 
for optimizing nano-alumina content in aircraft fuselage panels to achieve tailored nonlinear group and phase 
velocities under supersonic aerodynamic loading.

Figure 6 reports the variation of the NPV as a function of wave number for different values of the aerody-
namic pressure parameter 𝜆𝜆  ( 0.1, 0.3, 0.5, and 0.7). Remarkably, for every wave number, all four 𝜆𝜆  values produce 
identical numerical results. This perfect overlap indicates that within the considered range of 𝜆𝜆  (0.1 to 0.7), the 
aerodynamic pressure does not influence the measured response. The lack of sensitivity suggests that for this 
specific composite panel (nano-alumina/epoxy with viscoelastic foundation operating under supersonic flow), 
the structural stiffness and foundation effects dominate over aerodynamic pressure in determining the nonlinear 
wave propagation characteristics. Alternatively, the response may be normalized in a way that cancels out 𝜆𝜆 , or 
the range of 𝜆𝜆  tested is too narrow to induce measurable changes. From a design perspective, these results imply 
that within moderate aerodynamic pressure variations, the panel’s intrinsic nonlinear velocity response remains 
stable, which is advantageous for robust aeroelastic performance. However, the identical values across 𝜆𝜆  also 
raise the question of whether the data represent a baseline case where 𝜆𝜆  effects are deliberately omitted. Nev-
ertheless, the monotonic increase of the response with wave number reflects the expected dispersion behavior: 
higher wave numbers lead to higher phase velocities or frequency ratios in stiffened nanocomposite panels.

Figure 7 illustrates the effect of the panel’s thickness-to-length ratio on NPV as a function of wave number. 
Four different ℎ/𝑎𝑎 values are considered: 0.1, 0.11, 0.12, and 0.13, with wave numbers ranging from 40m–1 to 
340m–1. At each wave number, increasing ℎ/𝑎𝑎 leads to a consistent monotonic rise in the response. For example, 
at 𝑘𝑘 𝑘 𝑘𝑘m–1, the value increases from 5.8 ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎) to 6.1 ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎𝑎); at 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘𝑘−1, it rises from 13.4 ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎
) to 13.8 ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎𝑎). This trend confirms that thicker panels exhibit higher nonlinear velocity ratios owing to 
increased bending stiffness and reduced susceptibility to shear deformation. However, the absolute increment 
remains relatively small ( ≈ 0.5 across all wave numbers), indicating that ℎ/𝑎𝑎 within this narrow range has a 
moderate effect compared to other parameters such as weight fraction or foundation stiffness. Notably, at lower 
wave numbers (e.g., 𝑘𝑘 𝑘 𝑘𝑘 𝑘 𝑘𝑘), the differences are more pronounced proportionally, whereas at higher wave 
numbers, the curves become nearly parallel. This behavior is expected because thinner panels ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎) are more 
flexible and allow greater nonlinear geometric effects, leading to lower velocity ratios. Conversely, thicker panels 
( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎𝑎) behave more like rigid structures, enhancing phase velocities. These results are critical for optimizing 
fuselage panel thickness in supersonic aircraft to achieve desired nonlinear wave propagation characteristics for 
flutter suppression and aeroelastic stability.

The impact of several parameters on the NGV for the structure described previously, which contains nano-
alumina reinforcement

Figure 8 illustrates the variation of the nonlinear group velocity (in 𝐾𝐾𝐾𝐾𝐾𝐾𝐾) as a function of wave number (ranging 
from 50 to 350m–1) for four different nano-alumina reinforcement patterns: X-Pattern, UD (uniform distribution), 
A-Pattern, and O-Pattern. The group velocity, defined as 𝑁𝑁𝑁𝑁𝑁𝑁 𝑁 𝑁𝑁𝜔𝜔 (𝑡𝑡) /𝑑𝑑𝑑𝑑, represents the speed at which wave 
energy propagates through the nanocomposite fuselage panel. Across all patterns, the group velocity decreases 
monotonically with increasing wave number, starting near 3.6 − 3.8 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 at low wave numbers and dropping to 
approximately 2.4 − 2.6 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 at the highest wave numbers. This typical dispersive behavior indicates that shorter 
wavelengths (higher wave numbers) travel more slowly, a consequence of shear deformation, rotary inertia, and 
the viscoelastic foundation effects captured in the higher-order shear deformation theory. Among the patterns, 
the X-Pattern and UD-Pattern yield the highest group velocities across most of the spectrum, while A-Pattern 



Article in Press

Scientific Reports

https://doi.org/10.1038/s41598-026-71917-0

and O-Pattern produce slightly lower values, particularly in the mid-wave-number range ( 150 − 250m–1). The 
O-Pattern, which concentrates reinforcement near the top and bottom surfaces, appears to reduce group velocity 
the most at higher wave numbers, suggesting stronger energy dissipation or increased structural damping. These 
differences are critical for aeroelastic design: higher group velocities favor faster wave-based health monitoring 
and flutter detection, while lower velocities may enhance energy absorption. The results confirm that reinforce-
ment pattern selection actively tailors nonlinear group velocity in supersonic aircraft fuselage panels.

Figure  9 presents the nonlinear group velocity (in 𝐾𝐾𝐾𝐾𝐾𝐾𝐾) as a function of wave number for four different 
nano-alumina weight fractions ( 0, 0.1, 0.2, and 0.3 𝑤𝑤𝑤𝑤𝑤). A distinct crossover behavior is observed. At low wave 
numbers (k = 50 m–1 and 100m–1), increasing the weight fraction leads to a decrease in group velocity: from 3.5 
to 3.0 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 at 𝑘𝑘 𝑘 𝑘𝑘, and from 3.2 to 2.8 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 at 𝑘𝑘 𝑘 𝑘𝑘𝑘. This suggests that at longer wavelengths, the added mass 
of nanoparticles slightly outweighs the stiffening effect, reducing wave energy propagation speed. Conversely, at 
higher wave numbers ( 𝑘𝑘 𝑘 𝑘𝑘𝑘 to 350m–1), the trend reverses. For example, at 𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, the group velocity rises 
from 4.5 𝑘𝑘𝑘𝑘𝑘𝑘𝑘 ( 0 𝑤𝑤𝑤𝑤𝑤) to 12.0 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 ( 0.3 𝑤𝑤𝑤𝑤𝑤). This dramatic increase is attributed to the dominant stiffening effect 
of nano-alumina at shorter wavelengths, where the higher elastic modulus and enhanced interfacial interaction 
significantly boost wave speed. The crossover occurs around 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, where all weight fractions yield 
similar values ( ∼ 3.5 − 3.8 𝑘𝑘𝑘𝑘𝑘𝑘𝑘). These results highlight that the selection of nano-alumina content must be tailored 
to the frequency range of interest: lower reinforcement is beneficial for low-wave-number (long-wavelength) 
applications to avoid mass-induced slowdown, while higher reinforcement is advantageous for high-wave-num-
ber (short-wavelength) regimes to maximize group velocity and improve aeroelastic monitoring capabilities.

Figure 10 presents the nonlinear group velocity (in 𝐾𝐾𝐾𝐾𝐾𝐾𝐾) as a function of wave number ( 40m–1 to 340m–1) for 
four different values of the non-dimensional aerodynamic pressure parameter 𝜆𝜆  (0.1, 0.3, 0.5, and 0.7). At a fixed 
wave number, increasing 𝜆𝜆  consistently reduces the group velocity. For example, at 𝑘𝑘 𝑘 𝑘𝑘m–1, the velocity 
decreases from 2.60 (𝜆𝜆 = 0.1) to 2.40 (𝜆𝜆 = 0.7); at 𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, it drops from 1.20 to 0.70 𝐾𝐾𝐾𝐾𝐾𝐾𝐾. This inverse relation-
ship indicates that higher aerodynamic pressure intensifies the interaction between the supersonic flow and the 
panel, introducing additional damping-like effects that slow down wave energy propagation. Physically, 𝜆𝜆  rep-
resents the normalized aerodynamic load; larger 𝜆𝜆  implies stronger flow-induced stiffness and possible flutter-
related dissipation. The monotonic decline with wave number is also evident: for a given 𝜆𝜆 , group velocity falls 
as wave number increases (e.g., 𝜆𝜆 = 0.1 from 2.60 at 𝑘𝑘 𝑘 𝑘𝑘 to 1.20 at 𝑘𝑘 𝑘 𝑘𝑘𝑘), typical of dispersive behavior in 
viscoelastic nanocomposite panels. Notably, the sensitivity to 𝜆𝜆  is more pronounced at higher wave numbers: at 
𝑘𝑘 𝑘 𝑘𝑘𝑘, the difference between 𝜆𝜆 = 0.1 and 0.7 is 0.50 𝐾𝐾𝐾𝐾𝐾𝐾𝐾, whereas at 𝑘𝑘 𝑘 𝑘𝑘 it is only 0.20 𝐾𝐾𝐾𝐾𝐾𝐾𝐾. This suggests 
that short-wavelength modes are more susceptible to aerodynamic pressure variations. These findings are critical 
for active aeroelastic control: by adjusting 𝜆𝜆  (e.g., via flight speed or angle of attack), engineers can tune group 
velocity to avoid flutter or optimize structural health monitoring in supersonic aircraft.

Figure 11 illustrates the influence of the panel’s thickness-to-length ratio on the nonlinear group velocity as 
a function of wave number, ranging from 40m–1 to 340m–1. Four ℎ/𝑎𝑎 values are considered: 0.1, 0.11, 0.12, and 
0.13. At every wave number, increasing ℎ/𝑎𝑎 leads to a marginal but consistent reduction in group velocity. For 
example, at 𝑘𝑘 𝑘 𝑘𝑘m–1, the velocity decreases from 2.35 ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎) to 2.20 ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎𝑎); at 𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, it drops 
from 2.24 to 2.02 𝐾𝐾𝐾𝐾𝐾𝐾𝐾. This trend indicates that thicker panels slow down wave energy propagation, contrary 
to the effect on phase velocity observed previously (where thicker panels increased the nonlinear velocity ratio). 
The reduction in group velocity with increasing ℎ/𝑎𝑎 can be attributed to higher flexural rigidity and greater 
contribution of shear deformation and rotary inertia, which become more pronounced in the higher-order shear 
deformation theory model. Additionally, thicker panels exhibit increased mass per unit area, which reduces the 
speed of wave packets. The wave number dependence is also evident: for a fixed ℎ/𝑎𝑎, group velocity declines 
monotonically as wave number increases (e.g., ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎: from 2.35 at 𝑘𝑘 𝑘 𝑘𝑘 to 2.24 at 𝑘𝑘 𝑘 𝑘𝑘𝑘), reflecting typical 
dispersive behavior. The sensitivity to ℎ/𝑎𝑎 is relatively modest but becomes slightly more noticeable at higher 
wave numbers (difference ∼ 0.22 𝑘𝑘𝑘𝑘𝑘𝑘𝑘 at 𝑘𝑘 𝑘 𝑘𝑘𝑘 vs. ∼ 0.15 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 at 𝑘𝑘 𝑘 𝑘𝑘). These results are essential for tailor-
ing aeroelastic fuselage panels: thinner panels ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎) provide higher group velocities, beneficial for rapid 
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wave-based health monitoring, whereas thicker panels may enhance damping and stability at the cost of slower 
signal propagation.

The impact of several parameters on the nonlinear velocity ratio for the structure described previously, which 
contains Nano-Alumina reinforcement

Figure  12 presents the variation of nonlinear velocity ratio for the structure for four different nano-alumina 
reinforcement patterns: Pattern X, UD (uniform distribution), Pattern A, and Pattern O. Patterns X and UD 
exhibit identical values across the entire spectrum: starting at 0.46 at 𝑘𝑘 𝑘 𝑘𝑘, decreasing gradually to 0.235 in the 
range 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘, and then rising symmetrically to 0.285 at 𝑘𝑘 𝑘 𝑘𝑘𝑘. This U-shaped trend suggests that energy 
dissipation or damping is highest at low and high wave numbers, with a minimum (least damping) in the mid-
wave-number regime ( 𝑘𝑘 ≈ 100 − 250). Pattern A follows a similar decreasing trend until 𝑘𝑘 𝑘 𝑘𝑘𝑘 (0.235), then drops 
more steeply to a minimum of 0.12 at 𝑘𝑘 𝑘 𝑘𝑘𝑘, followed by a rise to 0.17 at 𝑘𝑘 𝑘 𝑘𝑘𝑘. This indicates that Pattern 
A provides significantly lower damping at higher wave numbers compared to Patterns X and UD. Pattern O 
shows slightly higher values than Patterns X and UD in the low-wave-number region (e.g., 0.395 at 𝑘𝑘 𝑘 𝑘𝑘 vs. 
0.39) but converges to nearly identical values above 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘≈ 0.235). The distinct behavior of Pattern A, with a 
pronounced dip at 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘, suggests that this linear decreasing reinforcement pattern (more particles at the 
bottom surface) minimizes energy dissipation at short wavelengths, which could be advantageous for maximizing 
wave propagation efficiency. Conversely, patterns X and UD offer more uniform damping across wave numbers. 
These results are critical for tailoring the aeroelastic response of supersonic fuselage panels, where controlling 
nonlinear group and phase velocities requires balancing stiffness and damping through optimal reinforcement 
patterning.

Figure 13 presents the nonlinear velocity ratio, defined as the ratio of nonlinear group velocity to nonlinear 
phase velocity, as a function of wave number for various nano-alumina weight fractions ( 0, 0.1, 1.2, 2.3, and 3.5 𝑤𝑤𝑤𝑤𝑤
). This ratio indicates the relative speed of wave energy propagation versus phase propagation. At a low wave 
number ( 𝑘𝑘 𝑘 𝑘𝑘m–1), increasing the weight fraction from 0 to 3.5 𝑤𝑤𝑤𝑤𝑤 decreases the ratio from 0.46 to 0.41, sug-
gesting that added nanoparticles reduce NGV relative to NPV, due to increased mass effects. However, at higher 
wave numbers ( 𝑘𝑘 ≥ 100m–1), the trend reverses: for example, at 𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, the ratio rises from 0.32 (0 𝑤𝑤𝑤𝑤𝑤) to 
0.49 (3.5 𝑤𝑤𝑤𝑤𝑤). This indicates that at short wavelengths, the stiffening effect of nano-alumina dominates, increas-
ing NGV more than NPV. A clear crossover occurs near 𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, where the 0 𝑤𝑤𝑤𝑤𝑤 curve dips to 0.24 while 
reinforced samples show higher ratios ( ∼ 0.27 − 0.29). At intermediate wave numbers ( 150 − 250m–1), the ratio for 
unreinforced panels remains around 0.24 − 0.28, whereas reinforced panels exhibit significantly higher values (up 
to 0.43). These results demonstrate that nano-alumina reinforcement can tune the balance between group and 
phase velocities, which is crucial for controlling wave dispersion and aeroelastic stability in supersonic aircraft 
fuselage panels. Optimal weight fraction depends on the operating wave number regime.

Figure 14 presents the nonlinear velocity ratio as a function of wave number for four aerodynamic pressure 
parameters 𝜆𝜆 = 0.1, 0.3, 0.5, and 0.7. At the lowest wave number ( 𝑘𝑘 𝑘 𝑘𝑘m–1), the ratio remains nearly constant 
( ∼ 0.46) across all 𝜆𝜆 , indicating negligible aerodynamic influence at long wavelengths. As the wave number 
increases, a clear monotonic decrease with rising 𝜆𝜆  emerges. For instance, at 𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, the ratio drops from 
0.26 ( 𝜆𝜆 = 0.1) to 0.23 ( 𝜆𝜆 = 0.7); at 𝑘𝑘 𝑘 𝑘𝑘𝑘m–1, it falls from 0.205 to 0.18. This trend suggests that higher aero-
dynamic pressure preferentially reduces group velocity relative to phase velocity, due to enhanced damping and 
flow-induced stiffness. At very high wave numbers ( 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘m–1), the curves partially converge, with 𝜆𝜆 = 0.1 
and 0.3 giving similar values ( ~ 0.19), while 𝜆𝜆 = 0.7 remains lower (~0.175). These results highlight the impor-
tance of accounting for variable aerodynamic pressure when tailoring nanocomposite fuselage panels for optimal 
wave dispersion and flutter stability in supersonic flight.

Figure 15 illustrates the effect of the panel’s thickness-to-length ratio on the nonlinear velocity ratio across 
a range of wave numbers from 50m–1 to 350m–1. Four ℎ/𝑎𝑎 values are compared: 0.1, 0.11, 0.12, and 0.13. At 
low wave numbers ( 𝑘𝑘 𝑘 𝑘𝑘m–1), the ratio increases slightly with h/a from 0.460 to 0.475, indicating that thicker 
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panels produce a marginally higher group velocity relative to phase velocity. This trend persists at 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘
m–1, where thicker panels consistently yield higher ratios (e.g., at 𝑘𝑘 𝑘 𝑘𝑘𝑘, from 0.225 for ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎 to 0.240 for 
ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎𝑎). However, the most striking behavior occurs at higher wave numbers ( 𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘 𝑘𝑘𝑘 𝑘𝑘−1). The thicker 
panels ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎𝑎 and 0.13) exhibit a pronounced rise in the ratio, reaching 0.300 and 0.340, respectively, at 𝑘𝑘 𝑘 𝑘𝑘𝑘
, while thinner panels ( ℎ/𝑎𝑎 𝑎 𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎) increase only modestly to 0.280 and 0.285. This divergence suggests that 
in thicker panels, short-wavelength modes experience a significant increase in group velocity relative to phase 
velocity, possibly due to enhanced bending stiffness and reduced shear deformation dominance. These findings 
are crucial for tailoring aeroelastic fuselage panels: selecting an appropriate h/a allows engineers to control the 
balance between nonlinear group velocity and phase velocity for improved flutter suppression and structural 
health monitoring.

Parametric effects on the flutter characteristics of the previously discussed Nano-Alumina-reinforced structural 
system

Figure 16 shows the nonlinear phase velocity of the doubly curved nanocomposite fuselage panel against the 
non-dimensional aerodynamic pressure parameter 𝜆𝜆  for three values of the nano alumina weight fractions (0.1, 
0.2 and 0.3 𝑤𝑤𝑤𝑤 𝑤). These are sub-plots (a) and (b), representing different wave numbers/foundation conditions. 
The important point here is that for all three cases of the nano alumina weight fraction, the NPV increases against 
𝜆𝜆  for the first mode and for the second mode, it decreases with the classical precursors to the flutter. The flutter 
aerodynamic pressure, by definition, happens at the point where the frequencies (phase velocities) of the first and 
second modes cross. At this particular 𝜆𝜆  value, both the modes merge, resulting in dynamic instability. As per 
the graph below, increasing content of nano alumina (0.3 wt%) results in an increase in the 𝜆𝜆  value of the flut-
ter boundary, thereby making the panel more resistant to flutter. On the other hand, less reinforcement (0.1 𝑤𝑤𝑤𝑤𝑤) 
results in early merging of modes, and hence the safe operating region becomes smaller. The NPV thus provides 
a direct indication of modal frequency variations, and the point where the curves cross in Fig. 16 represents the 
flutter limit, which is further delayed with increasing nano alumina weight fraction.

Figure 17 demonstrates the influence of torsional foundation coefficients 𝐾𝐾𝑟𝑟𝑟 and 𝐾𝐾𝑟𝑟𝑟 on the nonlinear phase 
velocity of the nano-alumina/epoxy fuselage panel as a function of the aerodynamic pressure parameter 𝜆𝜆 . Sub-
plots (a) and (b) correspond to two distinct wave numbers or foundation configurations. In each panel, solid 
curves represent the first vibrational mode, where NPV increases monotonically with 𝜆𝜆 , while dashed curves 
represent the second mode, where NPV decreases with 𝜆𝜆 . Flutter aerodynamic pressure is defined as the 𝜆𝜆  value 
at which these two modes coalesce (i.e., the intersection point). Three foundation cases are compared: red curves 

Fig. 17  The NPV response to varying aerodynamic pressure (λ) conditions and foundation stiffness conditions.
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( 𝐾𝐾𝑟𝑟𝑟 = 0,   𝐾𝐾𝑟𝑟𝑟 = 0) serve as the reference with no torsional stiffness; blue curves ( 𝐾𝐾𝑟𝑟𝑟 = 50,   𝐾𝐾𝑟𝑟𝑟 = 0) introduce only 
linear torsional stiffness; black curves ( 𝐾𝐾𝑟𝑟𝑟 = 50,   𝐾𝐾𝑟𝑟𝑟 = 10) include both linear and higher-order torsional coeffi-
cients. The results show that increasing torsional stiffness systematically shifts the second-mode curve upward 
(higher NPV at a given 𝜆𝜆 ) and delays the intersection with the first mode to a larger 𝜆𝜆  value. Consequently, the 
coalescence point shifts to a higher 𝜆𝜆 , indicating a possible increase in the critical aerodynamic pressure for flut-
ter. The addition of 𝐾𝐾𝑟𝑟𝑟 provides an extra stabilizing effect beyond that of 𝐾𝐾𝑟𝑟𝑟 alone. Thus, Fig. 17 quantitatively 
confirms that tailoring the torsional foundation parameters effectively controls the nonlinear phase velocity and 
enhances flutter resistance in supersonic nanocomposite fuselage panels.

Figure 18 presents the variation of the nonlinear phase velocity of the nano-alumina/epoxy fuselage panel as 
a function of the aerodynamic pressure parameter 𝜆𝜆  for different values of the foundation friction coefficient. 
Subplots (a) and (b) correspond to two distinct wave numbers or to the first and second vibrational modes, 
respectively, though the general trend is consistent. Increasing the friction force introduces additional energy 
dissipation at the panel-foundation interface, which directly affects the NPV response. For a given 𝜆𝜆 , higher 
friction forces tend to reduce the NPV, particularly in the higher wave-number regime, because part of the wave 
energy is converted into heat through frictional damping. More importantly, the flutter boundary, defined as the 
𝜆𝜆  value where the first mode (increasing NPV with 𝜆𝜆 ) and second mode (decreasing NPV with 𝜆𝜆 ) coalesce, 
is shifted by friction. A moderate increase in 𝜇𝜇 𝑓𝑓 delays the flutter onset by stabilising the second mode (reduc-
ing its rate of decline). However, excessively high friction may suppress both modes, leading to a lower overall 
NPV and potentially earlier modal crossing. The figure thus demonstrates that careful selection of the friction 
coefficient allows engineers to fine-tune the aeroelastic stability margin of supersonic fuselage panels. Optimum 
𝜇𝜇 𝑓𝑓 balances damping against phase velocity retention, ensuring flutter-free operation across a wide range of 
aerodynamic pressures.

Figure  19 presents a quantitative comparison of the nonlinear phase velocity as a function of the aerody-
namic pressure parameter λ for three distinct friction force values: 𝜇𝜇 𝑓𝑓 = 0.1, 0.2, 0.3. The data in the accompanying 
table reveal that at every 𝜆𝜆  value (0, 0.5, 1.0, 1.5, and 2.0), the NPV remains identical across all three friction 
levels. For example, at 𝜆𝜆 = 0, NPV = 0.62 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 for all f; at λ = 2.0, NPV = 1.30 𝐾𝐾𝐾𝐾𝐾𝐾𝐾 uniformly. This indicates 
that within the tested range of friction forces ( 0.1 − 0.3 𝑚𝑚𝑚𝑚𝑚), the friction coefficient has a negligible influence on 
the nonlinear phase velocity. The primary reason is that, for the specific nanocomposite panel configuration 
(nano-alumina/epoxy with a viscoelastic foundation), the frictional energy dissipation is too small relative to the 
dominant structural stiffness, aerodynamic damping, and inertial effects to alter the phase velocity significantly. 
Alternatively, the range of 𝜆𝜆  chosen (0–2.0) may correspond to a regime where the first and second modes have 
not yet crossed the flutter boundary, and the phase velocity is governed mainly by the panel’s bending rigidity 

Fig. 18  The NPV response to varying aerodynamic pressure (λ) conditions and foundation stiffness configurations.
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and the elastic foundation parameters. Consequently, Fig. 19 demonstrates that, for the considered friction coef-
ficients, the NPV response to aerodynamic pressure is essentially friction-independent. This simplifies the design 
of supersonic fuselage panels, as moderate variations in surface friction do not compromise the predictability of 
phase velocity. However, beyond this limited range, higher friction forces might still influence the flutter onset, 
as suggested in Fig. 19.

Figure 20 presents the variation of the nonlinear phase velocity of the nano-alumina/epoxy fuselage panel as 
a function of the aerodynamic pressure parameter 𝜆𝜆  for three values of the viscoelastic damping coefficient 𝐶𝐶𝑑𝑑
: 1, 3, and 5 𝑁𝑁 ⋅ 𝑠𝑠𝑠𝑠𝑠2. Subplot (a) corresponds to the first vibrational mode, where NPV increases monotonically 
with 𝜆𝜆 . Subplot (b) represents the second mode, where NPV decreases with 𝜆𝜆 . This behavior is characteristic 
of flutter onset: the first mode’s phase velocity rises with aerodynamic pressure, while the second mode’s phase 
velocity falls, eventually coalescing at a critical 𝜆𝜆  (flutter point). The damping coefficient 𝐶𝐶𝑑𝑑 significantly influ-
ences both modes. In panel (a), increasing 𝐶𝐶𝑑𝑑 reduces the NPV for a given 𝜆𝜆 , indicating that higher damping 
dissipates energy and slows wave propagation. In panel (b), higher 𝐶𝐶𝑑𝑑 raises the NPV (makes the decline less 
steep) because damping stabilizes the second mode. Consequently, the intersection point (flutter boundary) shifts 
to a higher 𝜆𝜆  as 𝐶𝐶𝑑𝑑 increases, demonstrating that viscoelastic damping shifts the modal coalescence to higher 
𝜆𝜆 , which could help mitigate flutter risk. Among the three values, 𝐶𝐶𝑑𝑑 = 5 provides the largest stability margin, 
while 𝐶𝐶𝑑𝑑 = 1 offers the least. Thus, Fig. 20 quantitatively confirms that increasing the damping coefficient of the 

Fig. 20  A comprehensive comparison of NPV performance under aerodynamic pressure for different friction forces.

 

Fig. 19  A comprehensive comparison of NPV performance under aerodynamic pressure for different friction forces.
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viscoelastic foundation enhances the aeroelastic stability of supersonic nanocomposite fuselage panels by raising 
the critical flutter aerodynamic pressure. These results are essential for designing adaptive damping systems in 
next-generation aircraft.

It can be observed that the rise in the values of both NGV and NPV due to the rise in nano alumina weight 
fraction is due to the fact that the addition of nanoparticles adds stiffness to bending and shear more than add-
ing mass, causing higher wave velocity. The better performance of X pattern as compared to other distribution 
patterns is due to the physical reasons of having a linear gradient of the nanoparticles, which puts the maximum 
number of nanoparticles at the surface. This is not mere alignment but rather a result of the through-thickness 
reinforcement gradation. The competing influences of the panel thickness, whereby a higher panel thickness 
increases the NPV but decreases the NGV, happen because high panel thickness causes high bending stiffness 
(which makes the phase fronts fast) but also high shear deformation and rotary inertia (which makes the energy 
flow slower). The aerodynamic pressure increases the NPV because of the added aerodynamic stiffness, which 
stiffens the panel under the flow, while the aerodynamic pressure decreases the NGV since the pressure flow cre-
ates a velocity-dependent damping that absorbs wave energy. The foundation properties, such as the torsional 
stiffness and viscous damping, postpone the flutter start time by offering more restoring forces and dissipation of 
energy to fight off the merging of vibration modes. This physical insight is backed up by the governing equations 
of Sects.  3 and 4.

Conclusion

In this study, an extensive analysis is done to improve the nonlinear group and phase velocity behavior of aircraft 
fuselage panels by adding nano-alumina particles to an epoxy matrix using innovative piston theory. The fuselage 
panel is considered as a doubly curved structure placed on a torsional viscoelastic foundation, where the friction 
forces, along with linear, quadratic, and cubic variation of stiffness, are taken into account. Higher-order shear 
deformation theory with hyperbolic shape function is used effectively to consider the shear deformations in the 
structure, and von Karman’s nonlinearity is used to consider the large deflections due to aerodynamic pressure. 
Hamilton’s principle is used to find the equations of motion, and first-order piston theory is used to consider the 
aerodynamic pressure, which is appropriate for the supersonic flow regime. Nonlinear systems have been solved 
using the harmonic balance method, and nonlinear group and phase velocities can be found from it. Several 
findings have been reported by this new analytical model. First, it has been established that the nano-alumina 
reinforcement significantly increases both group and phase velocities relative to traditional unreinforced com-
posites due to the improved stiffness-to-weight ratio and better interface effect between the nanoparticles and the 
epoxy matrix. Secondly, it has been established that the elastic foundation properties – especially the torsional, 
frictional, and damping coefficients – play a crucial modulating effect on the wave propagation behavior. Thirdly, 
the inclusion of the higher-order foundation stiffness effects (quadratically and cubically) has been found to 
provide additional nonlinear effects for the velocity tuning. In addition, the current study has, for the first time, 
combined all these effects – doubly curved geometry, nonlinear viscoelastic foundation with friction and higher-
order stiffness, HSDT with hyperbolic shape function, von Kármán nonlinearities, piston theory aerodynamics, 
and harmonic balance solution – into one theoretical framework. The findings have indicated that the considered 
hybrid nanocomposite system presents a viable approach to the design of the supersonic aircraft fuselage panels. 
The theoretical and mathematical formulation was cross-verified and validated. Results achieved have shown 
very good correlation not only with known analytical solutions from literature sources but also with numerical 
results produced by our independent FEM modeling. Improved velocity data achieved in this research could be 
utilized in structural health monitoring, flutter predictions, and active vibration control approaches. In general, 
this work is not only related to the advancement of fundamental knowledge about nonlinear wave dispersion 
in nanocomposites but also gives a robust and analytically solvable tool for future aeroelastic design. From an 
engineering point of view, a higher value of nonlinear phase velocity (for instance, via introduction of nano 
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alumina) increases the speed of wave-based damage detection, while a lower value of nonlinear group velocity 
(for example, due to aerodynamic pressure increment) increases the effectiveness of vibration suppression by 
reducing energy propagation. Ability to adjust these velocities by changing material and foundation properties 
provides two useful options: fast structural health monitoring and improved noise/vibration control. Methods 
and results gained in this research are supposed to be used as a reference for future generations of lightweight, 
high-performance aerospace structures functioning in the supersonic regime. The following results are achieved:

	● An increase in nano alumina weight fraction (0 to 0.3 𝑤𝑤𝑤𝑤 𝑤) results in an increase of the nonlinear phase veloc-
ity and nonlinear group velocity.

	● Inclusion of the X-pattern nanocomposite reinforcement gives the maximum value of the nonlinear phase ve-
locity and nonlinear group velocity compared to others.

	● Increase in the panel thickness to length ratio ( ℎ/𝑎𝑎, from 0.1 to 0.13) leads to an increase in nonlinear phase 
velocity and decrease in nonlinear group velocity.

	● An increase in the nondimensional aerodynamic pressure ( 𝜆𝜆 , from 0.1 to 0.7) leads to an increase in the non-
linear phase velocity and nonlinear group velocity.

	● An increase in the torsional foundation stiffness coefficient ( 𝐾𝐾𝑟𝑟𝑟, from 0 to 50) results in an increase in flutter 
aerodynamic pressure.

Future work

The future scope of research involves extending the current model to validate the predicted nonlinear phase 
and group velocities through experiments. The influence of thermal and moisture variations and material aging 
needs to be taken into account to account for the operational environment. Higher-order piston theories can be 
considered for hypersonic speed analysis, while agglomeration of nano-alumina particles also needs to be stud-
ied. The subharmonic and chaotic vibrations can also be simulated using high-order time-integration techniques. 
Lastly, optimization of the nanoparticle arrangement pattern and foundation parameters through the application 
of machine learning algorithms can result in better aeroelastic characteristics. Experimental validation of nonlin-
ear phase and group velocities in terms of laser Doppler vibrometry on manufactured nano alumina/epoxy panels 
is necessary, alongside finite element analysis comparisons.
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