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On the Rayleigh surface wave
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and fractional higher-order three-
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This study examines Rayleigh-type surface wave propagation in a porous piezo-thermoelectric semi-
infinite medium incorporating spatio-temporal nonlocality together with fractional higher-order
three-phase-lag heat conduction. The governing equations are formulated within the framework

of porosity-dependent thermoelasticity and solved analytically using the wave-mode approach

under traction-free boundary conditions. Numerical analysis is carried out to investigate the effects
of nonlocal parameters, fractional order, thermal relaxation times, and porosity on phase velocity,
attenuation, and particle motion. The results demonstrate that spatio-temporal nonlocal interactions
and fractional thermal memory significantly influence wave dispersion and energy dissipation
compared to classical thermoelastic models. Several existing theories are recovered as limiting cases,
confirming the generality of the formulation. The study provides a useful framework for understanding
wave behavior in porous piezo-thermoelectric materials relevant to sensing and surface acoustic wave
device applications.
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Surface acoustic waves represent a fundamental mechanism for nondestructive testing, energy transport, and
damage evaluation in both engineering and geophysical applications'-. Surface waves are generally classified
into three main types: Rayleigh, Stoneley, and Love waves. Research on Rayleigh waves originates from the
foundational study by Lord Rayleigh’, who, in 1885, identified their characteristic motion along the traction-free
surface of an elastic medium.

Thermoelectric technologies® have also evolved rapidly, with transient modeling of stepped-configuration
generators, optimization of non-contact generator parameters’!!. These efforts are complemented by recent
demonstrations of stress-wave detection in semiconductor devices'>!> and wearable thermoelectric devices
inspired by natural systems for enhancing body-heat energy extraction'’. Piezo-thermo-electric materials
integrate mechanical, electrical, and thermal field interactions, enabling efficient energy and signal transduction
in smart sensors, actuators, surface acoustic wave devices, and MEMS!. Recent studies have also utilized
fractional thermoelastic formulations to investigate anomalous thermal transport and memory-dependent heat
conduction phenomena!®!”,
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Nowacki'® established coupled thermal elastic diffusion equations, providing deeper insight into the
interdependence of mechanical and thermal fields in piezoelectric materials. Cowin and Nunziato!® formulated
linear and nonlinear theories for elastic materials containing voids, while Iovane and NasedkinZ?, building upon
the Cowin-Nunziato model, developed a linear formulation for piezoelectric media with voids, designed to
describe the impact of porosity variation. Recent investigations have also explored advanced computational
and thermo-mechanical frameworks involving phase-field modeling, nonlinear vibration control, solar-thermal
energy storage systems, and flexible sensing technologies for analyzing complex multi-physics interactions in
smart and functional materials*!-2%,

Edelen and Laws?®> made notable contributions to the development of nonlocal interaction theory. However,
the applicability of Eringen’s differential model of nonlocal elasticity has been critically examined by Romano
et al.?®, who presented counterexamples challenging its validity. To address such limitations, Anh and Vinh?’
introduced a weakly nonlocal elasticity model in spatial domains and investigated surface wave propagation
between two weakly nonlocal media. Later, Anh et al.?® extended this approach to explore Rayleigh type surface
waves subject to impedance boundary.

Inrecent decades, fractional calculus® has gained significant attention across several scientificand engineering
disciplines, including control systems, electromagnetics, quantum mechanics, and nuclear physics. Guo and co-
workers®® presented a nonlinear electro-thermo-mechanical analysis of piezoelectric semiconductor junctions
exposed to temperature gradients, demonstrating the coupling between thermal loading and electrical response.
Saffari et al.>! examined the electromechanical energy conversion capability of layered piezoelectric microshell
structures under combined moisture and thermal loading, highlighting the role of core geometry in enhancing
harvesting efficiency. Several researchers*?~3¢ have further explored plane wave propagation in the framework
of distinct thermoelastic theories. Gupta et al.’’~* analyzed energy ratios in piezo-thermo-electric interface
models, considering phase lags and distinct fractional and memory-dependent theories.

Li and his collaborators*~** have extensively investigated coupled thermo-electro-mechanical responses in
piezoelectric composites, including stress-gradient thermoelasticity, size-dependent nanostructures, fractional
heat conduction, and space-time nonlocal multi-physics modeling. Fekry** analyzed thermo-mechanical stress
development in fiber-reinforced porous viscoelastic materials within a nonlocal elasticity setting, emphasizing
the interaction between porosity and time-dependent material behavior. Nandi and Pal Sarkar®® proposed an
advanced fractional thermoelastic framework to investigate heat transfer and stress evolution in porous continua,
incorporating multi-phase thermal lag effects.

A comprehensive survey of the existing literature indicates that most investigations on piezo-thermo-electric
media are primarily developed within the framework of classical or local elasticity theories, often neglecting the
combined influence of spatio-temporal nonlocality, fractional heat conduction, and material porosity. Although
some studies have addressed nonlocal elastic effects or fractional thermal responses individually, a coupled
formulation incorporating these mechanisms simultaneously remains largely unexplored.

The present study addresses this gap by developing a unified model for Rayleigh-type surface wave propagation
in a porous piezo-thermoelectric medium that integrates spatio—temporal nonlocal interactions with fractional
higher-order three-phase-lag heat conduction. The formulation accounts for microstructural length-scale
effects, thermal memory behavior, and porosity-dependent electromechanical coupling within a single analytical
framework. Such interactions become particularly important in micro/nano-structured smart materials, porous
piezoelectric composites, and thermally sensitive sensing platforms where classical thermoelastic descriptions
are insufficient. Moreover, wave propagation analyses in porous piezo-thermoelectric materials remain relatively
limited in the literature, especially under combined nonlocal and fractional thermoelastic environments. By
incorporating these coupled mechanisms, the proposed framework provides an extended basis for examining
dispersion, attenuation, and energy transport characteristics in advanced porous piezoelectric materials relevant
to sensing technologies, surface acoustic wave devices, and nondestructive evaluation applications.

Nomenclature
P = Volume fraction of matrix pore T = Pyroelectric constants
= Electrical potential Nijr, €ij = | Piezo-thermal moduli tensors
£ = Spatial nonlocality parameter o, = Nonlocal equilibrated stress
Cp = Specific heat at constant strain D; = demponent of dielectric
isplacement
X = Equilibrated inertia of matrix pore i3 = Extrinsic equilibrated body force
0 — _ Phase lag of thermal disp.
Thermal temperature Ty = Gradient
E; = Electric field density 05 = Components of the nonlocal stress
Tq = Phase lag of heat flux S* = Entropy
= T _
Kij Compor}epts of the thermal B; i = Thermal moduli tensors
conductivity
= Temporal nonlocality parameter e = Component of strain
cijri = | Elastic stiffness tensor p= Density
— | —
¢= Nonlocal intrinsic equilibrated body Kij - Components (‘)f'the rate of thermal
force conductivity
T = Phase lag of the temperature gradient q; = Component of heat flux
where hij , a1, Ak, vij, gi, and v are the constitutive constants that characterize the material
characteristics linked with variations in porosity.

Scientific Reports|  (2026)16:28908 | https://doi.org/10.1038/s41598-026-59340-x nature portfolio


https://www.nature.com/scientificreports

www.nature.com/scientificreports

Fundamental equations
Let V' denote the domain occupied by an unbounded elastic medium acted upon by body forces F;. The balance
of linear momentum reads

Tij,5 (%) + Fi (x,t) = pii; (x,t), (1)

where o;; denotes the stress tensor incorporating nonlocal effects, u; is the displacement vector, and p is the
material density.

Adopting a spatio-temporal nonlocal constitutive law, the stress is given by the convolution*®4”

t
oij (x,t) = / /Cijkl (X,t; X/,t,) ekl (X/,tl) dV’dt/, (2)

—oo V

where C';; is the fourth-order nonlocal elasticity tensor, x, x' €V C R and

1
el = 3 (ur,t + k) -

denotes the strain tensor.
Substituting (2) into (1) yields the integral form of the nonlocal equation of motion

R
8Ij

t
/ /ekl (X/,t/) Clijkl (X,t;X/,t/) dv'dt' + F; (x,t) = pi; (x,t). (3)

—oco V

For practical modeling, the fourth-order kernel is decomposed into the product of a classical elastic tensor and
a scalar attenuation function as

Cijkl (X—X,,t—t,> :a(x—xl7t—t/) Cq;l‘jkl, (4)

where CiLj «1 1s the standard local elasticity tensor and « characterizes the spatial and temporal decay of nonlocal
interactions.
Using (4), the nonlocal stress is obtained by convolving the kernel function with the classical Cauchy stress

t
o5 (x,t) = / /C»L'jkl (x,t;x/,t/) ext (X/,t/) av'dt’ = o (x,t) * afj (x,t),
“eo V

where the symbol * denotes convolution carried out jointly over the spatial coordinates and the time variable.
Consequently, in the case of a homogeneous isotropic material, the nonlocal stress field o;; admits the
following representation:

t
o t) = [ [a(pe—xe—]) ol (<) av'ar ®)

—oo V

where aiLj = Aexrdij + 2peq;, is the Cauchy stress tensor, A and p are the Lamé constants. Eringen highlighted
the physical relevance of the scalar attenuation function by showing that it can effectively capture dispersion
characteristics observed in lattice dynamics. The scalar kernel can be represented using a Green’s function
approach involving a linear differential operator L.

For an infinite medium, the nonlocal kernel operator L can be generally formulated as

Lo(jx—x't—t|)=6(x—x)6(t-1), (6)

where §(-) denotes the Dirac delta distribution. By operating L = 1 — £2V? + 72% on Eq. (5) with the

differential operator and invoking the identity given in Eq. (6), the integral constitutive relation is transformed
into the following partial differential equation that governs the evolution of the nonlocal stress field o;;

Lo = Uvaj, (7)

where the classical Cauchy stress o}; appears as a forcing (nonhomogeneous) term in the field equation. This
formulation confirms that the attenuation kernel « plays the role of the Green’s function corresponding to the
selected operator L, thereby converting the original integral constitutive law into an equivalent differential
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representation. The operator L is further taken to be linear with constant coefficients. By using Eq. (1) with
Eq. (7), the governing equation of motion

L(p&fuz) —8j0'iL]- :LFZ‘. (8)

In the present framework, the classical Helmholtz operator is extended to a dynamic setting and modeled as a
second-order hyperbolic linear differential operator, as 1°

2 0

TR )

L=1-V 47

Here, V2 denotes the Laplacian, while £ is the intrinsic material length parameter governing spatial nonlocal
interactions. The effective internal length scale is defined through £ = epac:, where e is a material constant and
a represents the lattice spacing. In an analogous manner, 7 € R™ characterizes the characteristic time associated
with temporal memory effects. Defining a nonlocal wave speed as ¢ € Rt as ¢ = £/ 7, the resulting operator
L assumes the structure of a Klein—-Gordon-type operator. As suggested by Eringen?3, the estimate £ ~ 0.39a
provides a physically meaningful measure of the spatial interaction range.

« Constitutive relations**>°

82
(1 -V 4 TzatQ> 0ij = 0b = cijrert + i — Mgk B — B0, (10)
8 1 1\ L
- &£v? Tog )0 = (00)" = hi;Bj + Aijib,j (11)
(1 _ £2V2 4T 8t2> = —vijei; — g Ex — a1y + v, (12)
252 2 0° L
1 =&V + 7705 | Di = Di" = nijkejk — 9 — hijth,j +ei By + 70, (13)
2
<1 —EViE 72§t2> pS* = (pS")" = Blies; + B + v + piEa' (14)
o
o Equations of motion
92 0%\ .
o+ (15 v+ 28t2)Fi:p<1£2v2+#8ﬁ> i, (15)
Di7i = 0, where Ei = —©,i, (16)
1\L 22 20 22 5 0% -
() +p<1—£v +7 at2)ll+< (1—£v +7 W)w. (17)
 Energy scale equation
peos* = —q?,i . (18)

« Nonlocal higher order fractional TPL heat transfer law >!

<1£V +r at2> ( +Zf‘ma+ 8tm>qi
- ”875 <1+ZFmo¢+1 Gt’”"‘)e’i (19)
TU 8ma .
- K5 <1+2Fma+1 8tma>0”

 Nonlocal higher order fractional TPL heat model
From Egs. (14), (18), and (19), it follows that
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!
iy 0., +K5 [ 1 S
J@t( JrX:F'moz—i—l 8tma> it J( Jrz:lf(ma—&—l)@tma) ’

(20)
(1 + Z T T:;; | 6tmo¢> (PCEé + 6o (ﬁijili,j —TiPyi +I/1L))

where 4, j, k, | =1 — 3, and the higher orders p, I, n € N. The 0{3, (J%)L, ¢E, DE, and (pS*)L

linked with local thermal piezoelectric medium with voids, I'(.) is the gamma function, and « is the fraction-
al order parameter.

Limiting case
The higher-order fractional TPL model can be converted into another form of heat conduction model under
particular limiting conditions when:

o If7y =7, = 70 = 0,and K7; = 0 then corresponds to Biot ** model.
o« Ifn=1,7> 0,70 =7, =0, K}; = 0,and o = 1 then LS model *.
o Ifn=2,p=1,K}; =7, =0,and @ = 1 then DPL model >,

e Ifn=2,p=1=1,and o = 1 corresponds to TPL model *°.

Model assumptions and modifications
The present theoretical formulation is developed under the following assumptions:

o The material medium is considered a porous piezo-thermoelectric semi-infinite half-space, bounded by a
traction-free surface.

 The medium is assumed homogeneous in composition, while porosity effects are incorporated through void
volume fraction parameters.

« Spatio-temporal (KG) nonlocality is incorporated to account for microstructural length-scale effects and
time-dependent material interactions.

o The porosity behavior of the medium is modeled within the Cowin-Nunziato theoretical framework, ac-
counting for void distribution and equilibrated stress fields.

« Heat conduction is governed by a fractional higher-order three-phase-lag model to represent thermal relaxa-
tion and memory-dependent heat transport.

« Surface wave propagation is analyzed under traction-free mechanical boundary conditions, along with elec-
trically open and thermally specified surface constraints.

 Body forces, internal heat sources, and external electric excitations are neglected to focus on intrinsic wave
characteristics.

« All field variables are assumed to vary harmonically along the surface direction and decay exponentially with
depth into the medium.

Formulation of the problem
We consider the Rayleigh-type surface waves in a semi-infinite solid described by a KG nonlocal piezo-
thermo-electric half-space with voids. The material response is governed by a higher-order fractional TPL
heat conduction law together with a Klein-Gordon type nonlocal elasticity kernel, which extends beyond the
classical based formulations. The geometry of the model is formulated in a Cartesian coordinate framework.
The boundary of the half-space corresponds to z = 0, while the z-axis is aligned with the intended path of
wave motion. The positive z-direction extends vertically into the medium. Figure 1 presents a schematic view
of the problem domain. For surface-wave motion restricted to the xz-plane, the relevant field quantities consist
of the displacement vector @ = (u (z, z, t), 0, w (x, 2, t)), the electric potential ¢ = ¢ (x, z, t), the void
volume fraction ¢ = ¥ (z, z, t), and the temperature field = 6 (z, z, t). These fields evolve according to the
governing equations derived under the adopted nonlocal fractional piezo-thermo-poroelastic theory.
Accordingly, the stress—strain relations together with the electric displacement laws, originally expressed in
Eqgs. (10)-(13), are reformulated in the present KG nonlocal setting as

62
<1 - €2v2 + T28t2> Ogxx = O—al;m = C11U,x +6131'072 JFYIIZ) + N31P;= 7/8,11107 (21)
5 0? L

( é v +7 8t2) Ozz = Oz = M5P,z +Cs5 (U,z +w7I) ) (22)

202 5 0° L T
(1 - § v + 7 8152) Ozz = 0z, = C13Uyz +033w72 +’731/) + 71335z _53 97 (23)

82 1 1\ L

L=Vt on Jon = (02) = ~hgu + A1, (24)
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Fig. 1. Schematic layout of the problem.
22 2 0° 1 L
1=Vt s o = (01)" = —hsp,- +As1), (25)
5 02 I
<1 - 5 V + 7 a 2) D = Dz = M5 (U,z +1U7L) — ]’L117b7(‘U —E€11P,z , (26)
82
22 2 L
(1 —&Vi+T 8752) D. = D; = 131U,z +M33w,> —g3¢ — h31),, —€33¢,, +730, (27)
where V? = ;;2 + 5922

Incorporating Egs. (21) to (27), the motion Egs. (15) to (17), ignoring body forces, can be expressed as

9\ 92
(175 v? +72ﬁ) aTZ’ (28)

Fu T (e1s + eag) 4y 2
C11agj 0558 > C13 T Cs55 M A

7 00 Foalr)
920 O ﬁ1%+(31+7715)

O0xdz

010z dx? D2 D22
&% a0

5337 + 73—

8w 8w 8%u o o 9%y 8%y
022 oz

=0, (30)

8% A%w 8w a0 foat?) 8* 8%\ 92
(c13 + ¢55) ——— Y + 55— JrCssd 5 +’73 /83T*+T]10 +7133 2 :p( *$2V2+T2ﬁ> FER (29)
7@
o2

771578:52 -|—77337822 + (31 + Ms) 920~ — g3 92 17[%2 - 38z2 — €11
22 2 32 o
A1V ,00 +A3Y, 2. =100 —h30,22 —g10,0 —G30,z —V1Uye —Y3W,2 —01% + 10 = x (1 —&Vi+T ﬁ) P, (31)

Equation (20) leads to the reduced form of the higher-order TPL fractional heat equation in zz-plane as

1 K 9 T K 7ZZ 1 K*07ZT K*07ZZ
<+Zr(ma+1 tma)(l, K30 <+Zrma+l)8tmo‘>(1 +K30,.)

mao

(32)
- (1 n Z FTi 4 ) (PCEO + 00 (Bt x +Bsiiz,2 —Ts B,z +11)) )

(ma + 1) Otme
where, 375 = B8] 8i5, K} = K[ 8ij,vij = 7i6ij» hij = hibij, Kij = Kibij, Aij = Aidij.
Solution methodology

Assuming wave propagation to occur in the x-direction and to vary with time ¢, the displacement, thermal, void,
and electric potential fields take the form

(u, w, ¥, 8, ) = (u w, P, 0 ) exp [w (qz + sz — t)] (33)

where ¢ and s are the slowness parameters the tilde quantities denote field amplitudes, and w is the angular

frequency.
When Egq. (33) is substituted into Egs. (28) to (32), the following set of equations is obtained
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(mn + m1232) @+ (mizs) @ — (maa) 0 + (mass) @ + (mae) ¥ = 0, (34)
(ma218) @+ (maz + mass®) @ — (maas) 0 + (mas + maes”) ¢ + (mars) P =0, (35)

(m31) a + (m;;zs) w + (m33 + m3432) 6 — ( ) (mgﬁ) LZ) =0, (36)

p—=
(mars) @+ (maz + mars?) B + (mass) 0 — (Mas +mass’) @ — (maes + mars” +mas) P =0, (37)
5s°) @+

(ms1) @+ (ms2) @ + (mss) 0+ (msa + mars +ms (mss + msrs®) 1 =0, (38)
where associated coefficients are written in Appendix.

A combination and reduction of Egs. (34)-(38) lead to the derivation of the characteristic equation given
below

10
Z Tos" = 0. (39)
n=0

The coeflicients T, (n = 0to 10) are found by applying conventional methods, which involve calculating the
determinant of the matrix composed of the coefficients from Eqs. (34)-(38). The resulting ten roots, obtained
through the application of the Durand-Kerner algorithm in Eq. (39), appear as complex conjugate pairs. These
roots are subsequently arranged in accordance with the radiation condition for a half-space, z > 0, ensuring
S(sn) > 0 where disturbances must decay with increasing depth during propagation. Consequently, the five
selected values of s (denoted as s1, s2, $3, S4, and s5) correspond to five slowness vectors (g, sn),n=1—15
, each representing a distinct decaying wave phase propagating through the KG nonlocal medium with voids.
Hence, the formal solution adhering to the radiation condition can be represented as follows:

5
(’LL, w, ¢, 1/’, 9) = Z (1’ P’m7 S’m«v Vm, Rm) a’m €xp [Lw (qm + SmZ — t)}’ (40)

m=1

where P, Rm, Sm, and V;, can be calculated as follows

-1

P mi3sSm —mig mM155m mi6 —mi1 — mias2,
R Mma2 + Ma3sy, —M24Sm Mas + Ma26Sy, M278m —M21Sm (41)
Sm | T M328m mas + maas?, —bss Mg —ma1
Vin M4z + Ma7Sy, mM43Sm —Mas — MasSn,  —MaeSm — Ma7Se, — Mus —M41Sm
By means of Eq. (40), Egs. (23), (24), (26), and (28) are transformed as follows
5
1 N
(crzz, Oz, 03, Dz) = E w (I1p, Hop, 3y, Iay) @y exp [ww (qz + sr2 — )], (42)
r=1

where

=1 | (" +52)]
Mo = I3, [1 - 7°w® — &w? (¢ + 57) |
I, = 11§, [1 - 7%w? — €202 (¢* + 52)]
Iy, = Hfr [1 — 2 £2w2 (q2 + 3)}

I}, = cs5 (sr + qPy) + 1159Sr,

115, = c13q + c335,- Py + n33Srs, — B3 Rr + 73V,

115, = Ass, V; — hyse Sy

1Y, = n31q + M335- Py — €335, Sy + T3 Ry — g3Vi — h3s, Vi,
Boundary conditions

At free surface (z = 0) of the thermal piezoelectric medium with KG nonlocality subjected to boundary
conditions described as follows

o Mechanical conditions:

Ozz = 07 Ozz = 07 (43)

« Equilibrated stresses condition:

Scientific Reports |

(2026) 16:28908 | https://doi.org/10.1038/s41598-026-59340-x nature portfolio


https://www.nature.com/scientificreports

www.nature.com/scientificreports

ol =0, (44)
« Dielectrical displacement condition:

D, =0, (45)
 Thermal condition:

6=0 (46)

Derivation of the secular equation

The Rayleigh-type dispersion relation is derived by imposing boundary conditions on the linearized motion
equations of the material. A coupled system of simultaneous equations is derived by combining Eqs. (40) and
(42) with Egs. (43) to (46)

5
Y M, =0, (j=1-5), (47)
r=1

where II5,. = R,..

For a meaningful (non-zero) solution to exist, the coefficient matrix IIsxs must be singular, ie., its
determinant must vanish. This requirement naturally yields the complex secular equation characteristic of
Rayleigh-type surface wave motion. The complex root, denoted by c, is obtained through the Newton-Raphson
iterative method. The corresponding phase velocity extracted from c is frequency dependent, demonstrating
that Rayleigh-type waves in a KG nonlocal thermo-piezoelectric porous medium are intrinsically dispersive.
The presence of a complex ¢ implies attenuation, with its positive imaginary component signifying exponential
amplitude decay with depth and energy dissipation within the material. Consequently, the phase velocity and
attenuation coefficient of Rayleigh type surface waves are determined using the following expressions

« Phase velocity:

2
V= y’ac(c‘) )
« Attenuation coeflicient:
S(1/2
Q' = ;(1?;;. (49)

Trajectory of surface particles

To study the particle motion inside the considered material, the displacement expressions given by Eq. (40) are
evaluated for the corresponding value of c. Accordingly, the mechanical displacement components are given as
follows

(u, w) = Z (1, Pm) Gm exp [tw (g + Smz — t) ] (50)

m=1

when ¢ assumes a real value, the corresponding displacements derived from Egs. (50) can be represented as

(U, W) =%R(u, w) =R (Z (1, Pp)exp [tw (qz + sSmz — t)]) . (51)

m=1i

The parametric form given in Eq. (51) describes a closed trajectory that characterizes the motion of particles
as a function of both time and position. This motion results from the propagation of a surface wave in the
piezoelectric medium. For a specified value of ¢ = cos (¢)/ ¢ (¢), Eq. (51) illustrates the dependence of particle
displacement (U, W) on the propagation direction. The scalar term A = +/U? 4+ W2, which regulates the
magnitude of particle trajectory ( for), and is inherently linked to the surface wave behavior.

Special cases

o If the influence of fractional order, KG nonlocality, and voids are omitted, the proposed model simplifies to
the formulation reported by Sharma et al.>.
o Further neglecting the impact of temperature, voids, fractional effects, and KG nonlocal interactions reduces

the model to the classical case analyzed by Sharma®’.
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Solution algorithm

The earlier derivations describe the coupled influence of KG nonlocality, thermoelastic parameters, void, and
piezoelectric coupling, forming the analytical basis for Rayleigh type wave analysis. The developed algorithm
provides a systematic procedure to determine the phase velocity, attenuation coefficient, and surface particle
trajectories in the considered medium.

« Beginning with the specified horizontal slowness g, the analysis involves solving a tenth-degree Eq. (39). The
Durand-Kerner iterative technique is then used to compute all ten complex roots of s. From this set, five roots
corresponding to the decaying phase S(s) > 0, are selected for further analysis.

 To determine the amplitude ratios Py, Qm, Rm, and Sy, the equations presented in (41) solved for slowness
vectors (¢, Sm).

« Assume a Rayleigh type surface wave propagating at an angle ¢ with the boundary of considered material.
Define ¢ = cos ¢/ ¢, where c represent the undetermined wave velocity.

o A determinantal equation in c is obtained by employing P, Qm, Rm, Sm together with the slowness param-
eter ¢ = cos ¢/c in the boundary condition equations.

o Using Pp, Qm, Rm, Sm together with the slowness parameter ¢ = cos ¢/ ¢ in the Egs. (43) to (46) yields a
determinantal equation in c.

« Subsequently, the Newton-Raphson iterative method is applied to compute the wave velocity c. The corre-
sponding attenuation and phase velocity of the Rayleigh-type surface wave are then evaluated using Eqs. (48)
and (49).

« Based on Eq. (51), MATLAB is applied to visualize the temporal trajectories of surface particles correspond-
ing to displacement components. The motion is depicted through 2D and 3D graphical representations for
enhanced clarity.

Numerical investigation and discussion

The computational scheme outlined earlier serves as a systematic tool for analyzing the characteristics of
Rayleigh-type surface waves in the considered medium. Although the derived mathematical expressions are
highly coupled due to the simultaneous incorporation of porosity, piezoelectricity, spatio-temporal nonlocality,
and fractional higher-order thermal effects, the primary objective of the numerical study is to provide a clear
qualitative interpretation of the underlying wave propagation behavior. In the numerical implementation,
Cadmium Selenide is adopted as the representative material medium, and the corresponding material constants
are taken from previously published studies**® and listed in Table 1.

The governing equations employed in the present work are formulated in dimensional form. The spatial
nonlocal parameter £ represents an effective characteristic interaction length associated with the porous
microstructure and internal nonlocal interactions of the medium, whereas the temporal nonlocal parameter 7
and the thermal phase-lag quantities characterize the corresponding thermal memory time scales. The adopted
numerical values are selected primarily to examine the qualitative influence of spatio-temporal nonlocality,
higher-order thermal memory, and fractional effects on the propagation characteristics of Rayleigh-type surface
waves. Therefore, the selected parameter combinations should be interpreted as generalized phenomenological
parameters commonly used in nonlocal Sthermoelastic wave propagation analyses rather than as a direct
representation of a single experimental configuration.

Symbol | Value Symbol | Value
c11 74.1 x 10° Nm ™2 33 83.6 x 10° Nm~2
c13 39.3 x 10° Nm~? To 298 K
Ay 1.3 x 107°N h1 4x107¢Cm™2
As 1.2 x 107°N hs 5 x 10716 Cm~2
1 0.9 x 101 Nm~—? g1 4%x1071°Cm™?
Y3 0.7 x 10'° Nm~—?2 g3 6x101°Cm~2
as 1.2 x 10" Nm~? v 60Nm 2K~!
55 13.2 x 10° Nm~? K3 9Wm~tK™*
f 6.21 x 105 Nm 2K ! T 5.51 x 105 Nm 2K !
n31 —0.160 Cm ™2 733 0.347 Cm ™2
s —0.138 Cm ™2 €11 8.26 x 107" C2 N~ m~2
£33 9.03 x 10711 C2N"tm™2 | 4 —2.9x107°Cm™2K™!
K1 9Wm 1 K™! X 1.45 x 10716 Nm~2s?
Kf TWm K 17! K; 8Wm 1K 1s?!
P 5504 kgm 3 Cr 260 Jkg ' K!
Table 1. Values of the material parameters.
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A Kkey strength of the generalized formulation is that it can incorporates higher order fractional-order
heat transfer characterized by the parameters n, p and , offering greater flexibility owing to the selection of
these parameters. Chiritd et al.>> demonstrated that p > 5 or n > 5 results to an unstable system that cannot
accurately represent physical behavior. Zampoli®® emphasized that, for a model to maintain thermodynamic
consistency, the order of expansion should not exceed four, assuming that suitable phase-lag time parameters
are incorporated in the formulation. Accordingly, in this study, weadoptaa = 0.9, n =2,p=1,l=1,¢ = 60°
, together with the effective spatial nonlocal interaction parameter £ = 0.001, temporal nonlocal parameter
7 = 0.005 s and phase-lag times 7, = 0.03s, 70 = 0.02s, 7, = 0.01 s, ensuring compliance with the stability
and compatibility criteria established by Quintanilla and Racke®.

Effect of spatial nonlocality on phase velocity and attenuation coefficient

In the following subsection, the influence of spatial nonlocality on the phase velocity and attenuation coeflicient
is examined under the influence of higher order TPL model. To present the results effectively, graphical
illustrations are provided in Fig. 2a and b, which depict the characteristic variation of Rayleigh type wave under
different values of the spatial nonlocality parameter (£ = 0, 0.001, 0.002, 0.003) in a piezo-thermo-electric
medium containing voids. It is important to note that the case £ = 0 corresponds to the absence of spatial
nonlocal interactions, whereas the fully local limiting formulation is recovered when both the spatial and
temporal nonlocal parameters satisfy £ = 0 and 7 = 0.

Figure 2a depict the profile of phase velocity of Rayleigh waves as a function of angular frequency w for
distinct values of the spatial nonlocal parameter . For all parameter sets considered, the phase velocity shows
a nearly linear dependence on the frequency, but the rate of increase becomes more pronounced as £ rises.
This indicates that nonlocal interactions, as characterized by the Klein-Gordon model, promote higher wave
speeds for a given frequency. The nonlocal parameter £ captures the influence of microstructural interactions
and spatial memory in the medium, enabling energy to be transmitted across larger distances and thereby
accelerating wave propagation. When £ = 0, the medium behaves in a spatial local manner and the phase
velocity remains lowest, showing only modest growth with frequency. As ¢ is increased to 0.001, 0.002, and
then 0.003, each corresponding curve shifts upward, demonstrating that stronger nonlocal effects lead to a
pronounced enhancement in Rayleigh wave velocity for the fractional-order three-phase lag model.

Figure 2b displays the corresponding attenuation profiles as frequency increases for the same values of £.
Attenuation remains close to zero at low frequencies, especially for the £ = 0. However, as £ grows, attenuation
increases rapidly at higher frequencies, with the steepest rise seen for the largest £. This behavior reflects the
growing energy dissipation due to nonlocality and spatial memory effects at elevated frequencies. A higher
nonlocal parameter means the material accommodates broader-range stress and heat interactions, leading to
more complex internal damping mechanisms. Consequently, the wave loses energy more quickly as it travels,
which becomes most evident at higher frequencies. Together, these results demonstrate that while enhanced
nonlocality boosts phase velocity, it also intensifies energy loss through attenuation, highlighting the fundamental
effect of the nonlocal parameter.

Effect of temporal nonlocality on phase velocity and attenuation coefficient

In the following subsection, the effect of temporal nonlocality on the wave dynamics. To elucidate the results,
graphical illustrations are presented in Figs. 3a and b, which demonstrate the characteristic variations of these
parameters for different values of the temporal nonlocality parameter (7 = 0, 0.010, 0.015, 0.020) in a
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Fig. 2. (a, b) The effect of spatial nonlocality on phase velocity and attenuation with angular frequency (w).
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Fig. 3. (a, b) The effect of temporal nonlocality on phase velocity and attenuation with angular frequency (w).

thermal piezoelectric material with voids. It is noteworthy that the case 7 = 0 corresponds to the Eringen-type
local formulation, representing the condition where temporal nonlocal effects are neglected.

Figure 3a demonstrates how the temporal nonlocal parameter 7 alters the phase velocity of Rayleigh waves.
The curves depict that phase velocity increases not only with frequency but also with higher values of 7.
When 7 is zero, the medium responds locally in time, yielding the lowest wave velocities. As 7 increases, the
phase velocity grows more rapidly, indicating that nonlocal temporal interactions facilitate a faster mechanical
and thermal disturbance propagation. Physically, 7 characterizes the memory or inertia imparted by the system’s
history in the evolution process. A larger 7 implies that the present behavior depends more strongly on past
states, enabling disturbances to persist and propagate more efficiently. This effect is especially evident at higher
frequencies, where the presence of temporal nonlocality amplifies the phase velocity significantly.

Figure 3b shows the frequency dependence of attenuation for various 7 values. For low frequencies,
attenuation remains close to zero for all 7, but as frequency increases, the curves exhibit a distinct negative
dip followed by a sharp rise. The magnitude and sharpness of these features grow with increasing 7. The initial
negative attenuation suggests regions where temporal nonlocality may transiently reinforce the amplitude of
waves, possibly due to constructive interaction between the present and the memory-influenced past states. As
frequency rises further, the enhanced 7 drives stronger attenuation, indicating more pronounced dissipation
due to nonlocal temporal effects. This behavior highlights how the KG operator’s temporal nonlocality governs
both the persistence and decay of waves, fundamentally shaping the energy distribution and propagation
characteristics in the thermal piezoelectric material described by the fractional three-phase lag model.

Effect of higher order parameter on phase velocity and attenuation coefficient

In the following subsection, the effect of higher-order heat conduction model parameters on the on the wave
dynamics. To elucidate the results, graphical illustrations are presented in Fig. 4a and b, which demonstrate the
characteristic variations of these parameters for different values of the higher-order parameters (n = 4, p = 3,
1=3),(n=3,p=21=2),and (n = 2,p = 1,1 = 1) in a thermo-piezoelectric medium with voids.

Figure 4a shows the behavior of phase velocity as a function of angular frequency w for varying choices of the
higher-order heat conduction model parameters n, p, and . Each curve corresponds to a distinct combination,
where higher values represent a greater inclusion of memory and nonlocality components in the fractional-
order heat equation. It is seen that the case with n = 4, p = 3, [ = 3 gives the highest phase velocity across
the frequency domain, while the combination n = 3, p = 2, [ = 2 remains the lowest, with n =2, p =1,
I =1 showing intermediate behavior. The observed trend reveals that adding extra higher-order terms to
the generalized conduction framework substantially accelerates wave propagation in the material. The inset
plot emphasizes a narrow frequency window, further highlighting how the subtle effect of increasing n, p,
produces discernible changes in phase velocity even at fine scales. These parameters reflect the amplitude and
memory depth of various phases of lag (as introduced via the fractional and multi-term nature of the model),
demonstrating that richer nonlocal and hereditary structure within the heat conduction law supports more rapid
transfer of energy and momentum.

Figure 4b illustrates attenuation profiles for the same set of higher-order heat conduction parameters. At low
frequencies (near w = 0), all models show nearly identical attenuation, with values remaining close to zero. This
means that for slowly varying waves, the choice of higher order terms has minimal influence, and the material
dissipates very little wave energy regardless of model details. As the frequency increases up to about w = 15, the
attenuation gently rises and the differences between curves remain small, as shown in the zoomed inset around
w = 14. In this middle frequency range, increasing the order of the heat conduction model slightly changes
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Fig. 4. (a, b) The effect of higher order parameters in heat conduction model on phase velocity and attenuation
with angular frequency (w).

attenuation, but the overall behavior of each model remains close. At higher frequencies (w > 20), the impact of
using a higher order model becomes much more pronounced. The yellow curve, representing the most advanced
model (n = 4, p = 3,1 = 3), which started below the other curves at lower frequencies, now rises rapidly and
eventually overtakes the others. The blue and red curves, corresponding to models of lower order, increase less
steeply. This crossing pattern shows that the response of the medium is not simply determined by model order
alone, but also by frequency: at low and intermediate frequencies, a more advanced model may actually provide
less attenuation, effectively supporting the propagation of waves. However, as the frequency gets higher, the same
model begins to generate much greater attenuation, causing energy to dissipate more rapidly.

This frequency-dependent behavior occurs because higher-order heat conduction models capture memory
and nonlocal effects that become more pronounced at higher thermal and mechanical rates. With more higher
order terms included, the medium can respond more sensitively to rapid oscillations, which promotes stronger
internal damping at high . Thus, the graph clearly demonstrates that while all three models behave similarly
at low frequencies, the most advanced higher order model leads to the highest energy dissipation for high-
frequency Rayleigh type waves, reflecting an intricate and dynamic connection between model structure and
wave attenuation.

Effect of fractional order parameter on phase velocity and attenuation coefficient

In the following subsection, the response of fractional order parameter (c) on the wave dynamics is investigated.
To elucidate the results, graphical illustrations are presented in Fig. 5a and b, which demonstrate the effect of
distinct values of the fractional order parameter & = 0.85,« = 0.90, & = 0.95, & = 1.00 on wave characteristics
in a thermo-piezoelectric medium with voids.

Figure 5a depicts the profile of phase velocity of Rayleigh type surface waves in relation to angular frequency
w for distinct values of . Here, o =1 corresponds to the standard integer-order derivative and o < 1
represents fractional derivatives with additional memory and nonlocal effects. It is observed that as « increases
from 0.85 toward 1.00, the phase velocity curves exhibit a gradual rise across all frequencies. Lower values of
a yield reduced phase velocities, while the standard case ov = 1 allows the wave to propagate fastest through
the medium. This result demonstrates that increasing « enhances the medium’s responsiveness to dynamic
disturbances, and lower values of «, incorporating stronger memory, slow down the propagation. A higher o
means less fractional influence and more direct heat conduction, resulting in faster wave and energy transport,
especially at higher frequencies.

Figure 5b represents the trend of the attenuation coefficient of the Rayleigh type surface wave w.r.t. the angular
frequency (w) for distinct values of c. The attenuation exhibits a strongly frequency-dependent behavior, it
decreases in magnitude to a pronounced minimum in the mid-frequency band (=18-20), shows an anomalous
reversal of the a ordering in the upper-mid band (=24-27) where smaller « yields slightly larger attenuation,
and then returns to the original ordering at the highest frequencies. Thus, the sensitivity of attenuation to the
fractional order is not uniform « has negligible effect at very low frequencies, enhances damping for smaller
values in the mid-band, produces a transient reversed effect due to dispersive/resonant interactions in the upper-
mid band, and finally reverts to the memory-dominated trend at high frequencies. This behaviour indicates
a competition between memory-induced dissipation and dispersive/inertial mechanisms that is strongly
frequency dependent.
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Effect of distinct heat models on phase velocity and attenuation coefficient

In the next subsection, we explore the effects of three heat transfer models on the phase velocity and attenuation
coefficient. These outcomes are visualized in Fig. 6a and b, which highlight the wave characteristics under the
TPL, DPL, and LS formulations.

In Fig. 6a, the influence of the TPL, DPL, and LS heat-conduction models on the phase velocity of Rayleigh
waves is displayed as a function of angular frequency. While each model produces a rising phase-velocity trend
with increasing frequency, distinct discrepancies among the models become evident. The DPL model consistently
delivers the highest phase velocity across the frequency range, indicating a more responsive material where
wave propagation benefits from additional lag features in both heat and thermal fields. The TPL model, though
slightly lower than DPL, also shows enhanced velocities compared to the LS model. The LS case, representing
the simplest heat conduction theory here, produces the lowest phase velocity, reflecting the more restricted
ability of the medium to respond swiftly to fast changes. These distinctions become more noticeable as frequency
increases, suggesting that models which include multiple phase lags foster more rapid and efficient energy and
wave transport, especially at higher frequencies.
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Figure 6D presents the frequency dependence of attenuation for these three heat conduction models. At low
frequencies, attenuation is minimal and nearly identical for all three cases, reflecting limited energy loss and
underscoring the reduced role of lag effects at slow oscillations. As frequency increases, the attenuation curves
begin to separate, with TPL and DPL models demonstrating greater attenuation than the LS model. Examining
the attenuation curve closely, it can be seen that the LS model exhibits a characteristic jump or rapid increase in
attenuation at higher frequencies compared to the other models. While at low and moderate frequencies, the LS
curve remains below the TPL and DPL curves, as frequency approaches its upper limit in the considered range,
the LS attenuation sharply rises and even overtakes those of the TPL and DPL models, showing a distinct jump-
like behavior. This indicates that for very fast oscillations, the classical LS model becomes significantly more
dissipative, resulting in enhanced wave energy loss within the medium. This sudden increase in attenuation for
the LS model at high frequency suggests that although it represents a simpler heat conduction law, it manifests
pronounced internal damping when the system is driven at very rapid rates. In contrast, TPL and DPL models,
which incorporate more advanced nonlocal and lag features, have more tempered or smoother growth in
attenuation, reflecting their ability to distribute dissipation mechanisms through additional relaxation channels.
The LS model’s abrupt rise may be attributed to the absence of higher-order or multiple-phase relaxation effects,
causing all dissipation to concentrate at higher frequencies rather than being spread across intermediate regimes.

Opverall, the behavior seen in the attenuation curves highlights the importance of selecting an appropriate
heat conduction model for accurately predicting damping, especially in high-frequency applications where
simpler models like LS might underestimate or suddenly overestimate energy losses.

Influence of depth on particle motion

In this section, six figures, labeled as Fig. 7a—f, provide a detailed visualization of Rayleigh type wave particle
motion at various shallow depths under the nonlocal fractional order TPL heat conduction model. The plots
systematically capture both the two-dimensional and three-dimensional trajectories traced by particles as the
wave propagates through different subsurface levels. For systematic examination, four shallow depth values are
selected, and the interval from 1e—05 to 1.1e-05 is divided into three equal increments. This fine partitioning
allows for highly detailed scrutiny of how subtle changes in depth impact the particle motion characteristics.

Figure 7e synthesizes the data from all four depths by plotting them together, offering a comprehensive visual
comparison of particle motion trends across the depth range. The sequence of figures displays both horizontal
and vertical particle trajectories in 3D, evolving continuously with time. Figure 7f presents the data from the
initial four plots in a 2D format, enabling more precise identification of nuanced variations.

Examination of Fig. 7a-d reveals that Rayleigh type wave particles, at each considered depth, trace out spiral
elliptical paths combining both horizontal and vertical components consistent with Rayleigh wave behavior
known to cause simultaneous movement in both directions. While the general elliptical form persists, there are
distinct differences in amplitude for the horizontal and vertical motions between the different depth values. The
observed variability indicates that Rayleigh wave amplitude is sensitive to changes in subsurface depth. Figure 7e
confirms that trajectory differences grow with increasing depth, underscoring the depth-specific behavior of
Rayleigh type wave propagation.

These results emphasize that Rayleigh wave dynamics are fundamentally depth-dependent. The depth-
related phenomena shown across Fig. 7a-f highlight the continuous interplay between wave propagation and
the characteristics of the subsurface medium. Variations in the spiral elliptical trajectories demonstrate how
Rayleigh waves evolve in different geological layers. Such observations have important practical implications for
earthquake engineering, as understanding depth-specific Rayleigh wave behavior is crucial for assessing seismic
hazard and supporting the structural stability of buildings and communities.

Validation and comparison with previously published results

To establish the reliability and physical consistency of the present formulation, a comparative validation has
been carried out with previously published results available in the literature. The comparison is performed
at two levels, namely dispersion characteristics and particle motion behavior associated with Rayleigh wave
propagation.

Figure 8a and b presents the validation comparison of normalized phase velocity and normalized attenuation
with angular frequency. The normalization has been performed by scaling the computed magnitudes with
respect to their corresponding maximum values so that all variations remain confined within the 0-1 range. This
approach enables a direct comparison of dispersion trends independent of absolute magnitude differences. It is
observed from Fig. 8 that the dispersion trends of the two formulations do not coincide exactly. The variation
patterns differ in slope, curvature, and attenuation evolution across the frequency spectrum. This deviation is
physically justified due to fundamental differences in the constitutive modeling and material coupling. In the
previously published work®?, the medium consisted of a piezoelectric material coupled with a semiconductor
phase, where thermoelastic interactions were governed through the Moore-Gibson-Thompson model and
Eringen’s spatial nonlocal elasticity®.

In contrast, the present formulation considers a piezoelectric medium coupled with void inclusions instead
of semiconductors, while retaining thermoelastic effects. The thermal behavior is described using a fractional
three-phase-lag model incorporating higher-order thermal memory. Additionally, the nonlocal response follows
the KG-type framework, which introduces both spatial and temporal nonlocality. Owing to these differences in
thermal lagging, coupling mechanisms, and nonlocal interactions, quantitative deviations in phase velocity and
attenuation are expected. Therefore, the non-coincident dispersion trends observed in Fig. 8 remain physically
consistent and theoretically justified.

A more fundamental validation is obtained through the comparison of particle motion trajectories, illustrated
in Fig. 9a and b. Rayleigh surface waves are well known to propagate with elliptic particle motion in the sagittal
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Fig. 7. (a-f) Variation of particle motion (U, W) with time for different shallow depth z values.
plane®”%4, where horizontal (U) and vertical (W) displacement components remain phase shifted, producing
closed elliptical paths. The particle trajectories plotted for both formulations exhibit clear elliptic motion. Despite
differences in coupling phase (semiconductor versus void), thermal modeling, and nonlocal frameworks, the
displacement paths align in their fundamental kinematic nature. The trajectories remain confined to the sagittal
plane and follow the classical elliptic motion condition of Rayleigh waves without deviation toward circular or
longitudinal behavior.
Thus, while Fig. 8 reflects model-dependent dispersion differences, Fig. 9 confirms that the essential
propagation physics remains preserved. The inclusion of voids, fractional thermal lagging, and temporal
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nonlocality influences only the size, inclination, and eccentricity of the particle ellipse rather than altering its
intrinsic elliptic character. Overall, the agreement of elliptic particle motion, together with physically explainable
dispersion deviations, validates the present formulation and confirms its consistency with established Rayleigh
wave propagation characteristics reported in the literature.

Conclusions

This study presents an in-depth analysis of Rayleigh type wave propagation in a generalized thermal piezoelectric
semi-infinite medium incorporating voids. The investigation employs a fractional-order Klein-Gordon-type
nonlocal TPL framework, wherein the governing field equations are rigorously formulated and solved using
an eigenmode analytical approach. The primary objective is to elucidate the coupled influences of spatial and
temporal nonlocality, fractional-order effects, heat transfer models, and depth variations on surface wave. A
detailed examination of the computational results, as illustrated in Figs. 2, 3, 4, 5, 6, 7, 8 and 9, leads to several
significant findings and physical interpretations summarized below.

« The phase velocity of Rayleigh waves increases with the spatial nonlocal parameter, indicating that stronger
microstructural coupling under the Klein-Gordon-type nonlocality enhances wave propagation.

o Increasing the spatial nonlocal parameter enhances the overall attenuation at higher frequencies, indicating
that spatial nonlocality strengthens internal damping through extended stress—heat coupling and microstruc-
tural interactions within the medium.
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« The temporal nonlocal parameter 7 promotes higher phase velocities and sustained wave propagation, high-
lighting the role of temporal memory in energy transmission.

o With larger 7, attenuation first dips (transient reinforcement) and then rises sharply at high frequencies, re-
flecting the dual effects of energy storage and dissipation due to temporal memory.

« Higher fractional heat conduction orders (n, p, ) enhance wave dispersion and energy transport, with the
model n =4, p = 3, | = 3 yielding the maximum phase velocity.

« Athigh frequencies, the higher-order model exhibits greater attenuation, indicating dominant thermal mem-
ory and damping effects.

o The fractional-order parameter « critically governs wave propagation. Lower values of « slightly reduce phase
velocity and modify the attenuation behavior across frequencies, while the integer-order case o = 1 ensures
the fastest wave propagation.

« Among distinct heat conduction models, the DPL model provides the highest phase velocity, followed by TPL
and LS; at high frequencies, the LS model exhibits a sharp attenuation rise, reflecting limited multi-relaxation
capability.

« Rayleigh wave particle motion shows clear depth dependence, with larger horizontal and vertical displace-
ments at shallower depths. This near-surface amplification reflects localized energy concentration relevant to
seismic and geotechnical applications.

The present findings provide useful insights for optimizing surface acoustic wave sensors, seismic characterization
systems, and energy-harvesting devices. The model’s ability to capture nonlocal and fractional thermal effects
strengthens predictions of wave behavior in advanced piezoelectric and porous materials. These results also
open up several future research opportunities, particularly in experimental validation, high-fidelity numerical
simulations, and broader extensions of the theoretical framework.
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