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Abstract
Functionally Graded Materials (FGMs) represent a highly advanced solution for the 
repair of cracked aircraft structures, offering superior performance compared to 
conventional homogeneous materials. FGMs contribute to more durable, 
lightweight, and structurally effective repairs, extending service life while 
maintaining safety and performance standards. This study investigates the 
effectiveness of functionally graded material (FGM) patches for reinforcing cracked 
aluminum alloy plates. Using three-dimensional finite element analysis 
implemented in ABAQUS with a USDFLD subroutine, spatial variations of the 
Young’s modulus were applied according to linear, logarithmic, and exponential 
gradation laws. The fracture behavior was quantified through J-integral calculations 
under plane strain conditions. Results show that FGM patches significantly reduce 
the J-integral at the crack tip compared to unrepaired plates: up to 56% reduction 
for linear gradation, 52% for logarithmic, and 44% for exponential gradation. Linear 
gradation is most effective in mitigating longitudinal crack propagation, while 
logarithmic gradation efficiently reduces local principal stresses. Contour 
convergence and comparison with homogeneous patch and unrepaired plate 
benchmarks confirm the reliability of the numerical results. These findings provide 
mechanistic insight into stiffness-gradient-driven stress redistribution, guiding the 
optimal design of FGM repairs for enhanced durability.
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1. Introduction
Functionally graded materials (FGM’s) have attracted attention in recent 
years due to their superior performance in areas such as improving stress 
distribution, enhancing crack performance, high fracture toughness and a 
high degree of design flexibility compared to traditional homogeneous 
materials [1-3]. Unlike traditional homogeneous materials [4, 5], FGMs offer 
unlimited design architecture with their limitless variation options. Along 
with the attractive solutions they provide, they are the subject of researchers' 
work in all disciplines involving mechanics [6]. In addition, numerical 
methods such as semi-analytical methods [7], boundary element method [8] 
and finite element method [9-15] are available in the literature to obtain the 
changes created by the non-homogeneous structure of FGMs and the non-
isotropic nature of the materials used. Khatir et al. [16] proposed a novel 
approach to optimize materials for middle ear prostheses in order to enhance 
auditory performance. A finite element (FE) model of the human ear 
incorporating a pure titanium total ossicular replacement prosthesis (TORP) 
was developed and validated against experimental data. Chama et al. [17] 
introduce a novel approach for reinforcing notched aluminum plates using 
functionally graded composites (FGCs). By incorporating the volume fraction 
principles of Functionally Graded Materials (FGMs) into fiber–matrix mixture 
laws, the study presents an advanced patch reinforcement strategy aimed at 
improving structural performance. Chama et al. [18] used a methodology 
leverages the volumetric fraction concept of Functionally Graded Materials 
(FGMs) to develop a Graded Cohesive Zone Model (GCZM). A spatially 
varying field, implemented via a Fortran-based USDFLD subroutine, is 
introduced to dynamically adapt the cohesive behavior of the interface within 
the GCZM framework. Izadi et al. [19] demonstrated that the comparison 
between experimental data and the derived fracture limit curve confirms the 
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effectiveness of the newly developed criterion for analyzing mixed-mode 
fracture in functionally graded materials. Abdelmadjid et al. [20] concluded 
that stress distribution under varying loads shows a marked increase in 
intensity, particularly near the crack tip. This region, especially the upper 
part subjected to tensile forces, becomes highly stressed, potentially leading 
to crack initiation or opening and the development of significant localized 
stresses. Naderi et al. [21] reported that these variables significantly affect 
the fracture formation rate and overall fatigue life of the FGM. In particular, 
square-shaped Si₃N₄ particles demonstrated superior efficiency in arresting 
crack propagation compared to other geometries, owing to their ability to 
promote a more favorable stress distribution. Slamene et al. [22] employed a 
novel meshing technique in combination with the Gurson–Tvergaard–
Needleman (GTN) damage model within ABAQUS/Explicit. The simulation, 
based on von Mises stress theory and the Voce hardening law, effectively 
captures plastic flow and progressive damage driven by void nucleation, 
growth, and coalescence. Kirk et al. [23] proposed a design methodology for 
planning FGM gradient paths across any number of elements, aiming to avoid 
undesirable phases over a range of temperatures. The methodology also 
enables optimization based on specific cost functions. A case study within the 
Fe–Ni–Cr system demonstrated its effectiveness, successfully generating 
gradient paths from 316L stainless steel to pure chromium that either 
minimize path length or maximize the separation from unstable phases. 
Mirzaali et al. [24] investigated the fracture behavior of functionally graded 
soft hard composites containing a pre-existing crack aligned with the 
gradient direction. They designed, additively manufactured, and 
mechanically tested two primary types of FG composites those with step wise 
and continuous gradients. The results indicated that, with the exception of 
fracture strain, the fracture properties of the graded specimens generally 
decreased as the length of the transition zone increased. Kumar Singh et al. 
[25] presented a distinctive study in which a fully novel, in house developed 
manufacturing process was used to fabricate thermoplastic gears based on 

ACCEPTED MANUSCRIPT

ARTIC
LE

 IN
 PR

ES
S

ARTICLE IN PRESS



functionally graded materials (FGMs) a concept not previously explored. The 
specific wear rate of the fabricated gears was subsequently evaluated using 
the proposed methodology. Yaylaci et al. [26] examined a problem in which a 
functionally graded (FG) layer rests on a rigid foundation and is subjected to 
loading by a rigid punch. From the analysis, key parameters such as contact 
length, contact stress, initial separation distance, and the initiation and 
termination points of separation were determined and compared. The study 
concluded that the finite element method (FEM) results showed satisfactory 
agreement with the analytical solutions. Yaylaci et al. [27] assumed that the 
material properties of the functionally graded beam vary exponentially along 
its thickness. Using both the Finite Element Method (FEM) and the Modified 
Layerwise Plate (MLP) approach, they computed the natural frequencies and 
critical buckling loads of cracked FGM beams under various boundary 
conditions, including clamped–free (C–F), hinged–hinged (H–H), and 
clamped–clamped (C–C).This work aims to evaluate the effectiveness of 
functionally graded materials (FGM) in repairing cracked metallic 
components through numerical analysis using the ABAQUS software. Safaei 
[28] investigated the dynamic behavior of lightweight sandwich panels 
consisting of a polymeric foam core sandwiched between two composite 
surface layers, using a finite element method based on first-order shear 
deformation theory. In the study, different porosity distributions in the core 
(including uniform and functionally graded patterns) were considered, while 
the surface layers were modeled as fiber-reinforced laminates with various 
fiber orientations. Both free and forced vibration responses were analyzed to 
evaluate the effect of material and geometric parameters on overall 
structural performance. The results revealed that the vibration 
characteristics of the sandwich structure are significantly influenced by the 
porosity distribution in the core and the fiber orientation in the composite 
layers. Yang et al. [29] investigated the durability and structural stability of 
functionally graded graphene nanoparticle-reinforced composite beams at 
high temperatures using mathematical methods. Yang et al. [29] 
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comprehensively analyzed the decisive effects of the distribution and 
geometry of graphene particles within the material on the structure’s static 
and dynamic buckling resistance. Using the analytical model they developed, 
the deformation limits of the arch under sudden or constant external loads 
and its responses to temperature changes can be determined with high 
accuracy. Their results reveal how changes in the material’s composition and 
thermal conditions transform the arch’s load-bearing capacity, providing 
critical data for engineering designs.
The J integral generally refers to the Jacobi integral used in dynamical 
systems and clasic classical mechanics. It represents a conserved quantity in 
a rotating reference frame, combining the effects of energy and angular 
momentum. It is commonly used in analyses of the three-body problem. The 
J-integral has been widely employed in fracture mechanics, as well as in rigid 
line inclusion problems and frictionless contact analyses [30, 31].

The study is based on analyzing stress distribution [32] and calculating key 
fracture resistance indicators such as the Von Mises equivalent stress, 
principal stress, J-integral, and displacement at the patch level, in order to 
assess the risk of crack propagation. The impact of three different property 
variation laws within the patch (linear, exponential, and logarithmic) is also 
examined, with the objective of determining which provides the most 
favorable stress distribution and the highest repair efficiency.

The novelty of the present work lies in three key aspects. First, a directional 
comparison of FGM gradation functions is performed by analyzing their effects on 
fracture parameters along the xxx, yyy, and zzz directions, providing deeper insight 
into how stiffness variation influences crack driving forces. Second, the study 
specifically focuses on unilateral FGM patch repair, which is less explored in the 
literature despite its practical relevance for real structural repairs. Third, the FGM 
patch is implemented through an anisotropic composite-based formulation using a 
USDFLD subroutine, allowing precise control of spatial stiffness variation and 
realistic representation of material gradation. These aspects have now been 
explicitly emphasized in both the Introduction and the Conclusion to clearly 
distinguish the present contribution from existing studies.
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2. Material and Method
2.1 Presentation of model

The geometric model studied consists of a thin rectangular plate made of 
2024-T3 aluminum alloy, with a height H=250 mm, a width L=125 mm, and 
a thickness epl =2 mm. This plate has a lateral crack located at one of its 
vertical edges, oriented horizontally, and positioned perpendicular to the 
direction of the applied load, along the y-axis. The crack, of length a=8 mm. 
To remedy this damage, a single reinforcement plate (patch) made of 
functionally graded material (FGM) is applied to a single face of the plate, 
precisely on the side where the crack is located. This patch has a height of 
h=50 mm, a width of w=25 mm and a thickness of ep=1 mm. The adhesion 
between the plate and the patch is ensured by a layer of glue with a thickness 
of ec=0.2 mm, allowing good transmission of mechanical forces and effective 
anchoring of the reinforcement. The assembly is subjected to a uni-axial 
tensile loading along the vertical axis (y), with a stress of 30 MPa. This 
configuration aims to analyze the influence of unilateral repair using an FGM 
patch on the reduction of stress concentration near the crack, and to evaluate 
the overall mechanical performance of the repaired plate as a function of the 
gradient of properties of the patch material. (see Fig. 1).
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Fig. 1 Geometric model
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2.2 Material properties
The thin plate is assumed to be manufactured from 2024-T3 aluminium 

alloy and possesses isotropic material properties. In addition, its mechanical 
properties can be defined by its Young's modulus (Ep = 69 GPa) and Poisson's 
ratio (ν = 0.33), respectively.

The adhesive used to bond the plate to the patch is DP460 [33, 34], a 
material frequently used in aerospace applications, and its stress-strain 
relationship is shown in Fig. 2. It is also assumed to possess isotropic 
material properties, and it is assumed to have the following values: Young's 
Modulus (E) = 1300 MPa, Poisson's ratio (ν) = 0.3.

Fig. 2 Stress-strain curve of DP 460 adhesive [35]

It is assumed that the patch plate to be used for improving stresses on the 
crack using functionally graded material (FGM) consists of two different 
types of material and has anisotropic properties. The values required for 
defining the material based on the two different material types and 
anisotropy are given in Table 1.

Table 1. Mechanical properties of patch [36, 37]
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Materials E1
(GPa)

E2
(GPa)

E3
(GPa) ν12 ν13 ν23 G12 G13 G23

Boron/Epox
y 202 31 31 0.2

6
0.2
6 0.1 806

1
806

1
140

0
Glass/Epox

y 25 3,050 3,050 0.3
5

0.3
5

0.3
8 801 801 470

The functionally graded material (FGM) patch is modeled by spatially 
varying the Young’s modulus only, while Poisson’s ratio and density are 
assumed constant. This assumption is commonly adopted in FGM repair 
studies and allows isolation of the effect of stiffness gradation on crack 
driving forces.

The elastic modulus is graded according to a prescribed analytical law 
(linear, logarithmic, or exponential) as a function of spatial coordinates, 
implemented via the USDFLD subroutie in ABAQUS [38]. The material 
behavior remains isotropic at each material point, and therefore all 
stiffness components are derived consistently from the local Young’s modulus 
and constant Poisson’s ratio.

Since isotropy is assumed, no preferential anisotropic axes are defined, and 
the material orientation is independent of the crack direction. The gradation 
direction is aligned with the patch geometry and crack plane to ensure 
effective stress redistribution around the crack tip. A schematic description 
and a brief pseudo-code explanation of the USDFLD implementation have
been added to improve clarity and reproducibility.

2.3 Boundary conditions and loading

Regarding the boundary conditions, the embedding of the lower face of the 
plate is applied by fixing all the components of the displacements: U1 = U2 
= U3 = 0 (displacements in X, Y and Z) and UR1 = UR2 = UR3 = 0 (rotations 
around the X, Y and Z axes). This represents a rigid support condition at this 
face, preventing any movement (see Fig. 3)
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 Side of the plate, a uni-axial tensile stress of 30 MPa is applied, generating 
a mechanical stress on the cross-section of the plate. This configuration 
allows the analysis of the behavior of the plate in response to these loading 

conditions, taking into account the FGM patch repair.
Fig. 3 Presentation of the model with boundary conditions

2.4 Theoretical background

This work is based on a rigorous simulation, implemented in ABAQUS 
software, using a custom subroutine (notably USDFLD coded in FORTRAN) 
to implement the spatial variations of the mechanical properties in the patch. 
The different functions used in the subroutines are (the linear, exponential 
and logarithmic function) presented with the equations cited below.

Linear function              E(x) = Emax -(Emax - Emin) ⋅ x
L

Exponential function
                E(y) = Emax ⋅ e-ky

Logarithmic function

E (z): Young’s modulus at position z

Emin: Young’s modulus at the metal-rich side of the FGM patch

Emax: Young’s modulus at the ceramic-rich side of the FGM patch
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z: thickness coordinate (0 ≤ z ≤ h)

h: total thickness of the FGM patch

The fracture analysis was performed within the framework of linear 
elastic fracture mechanics under plane strain conditions, which is 
appropriate for the considered aluminum plate thickness and crack 
dimensions. The J-integral was evaluated in ABAQUS using the domain-
based integral formulation, with (05) five successive contours defined 
around each crack tip. For all analyzed cases and material gradation 
functions, the J-integral values showed excellent contour convergence, 
confirming the path independence of the integral and the numerical 
stability of the results (see Fig. 4). In particular, the convergence behavior 
was verified for the different FGM gradation laws (linear, logarithmic, and 
exponential), demonstrating that the observed variations in J-integral are 
attributable to material gradation effects rather than numerical artifacts. 
This ensures the reliability of the conclusions regarding the influence of 
Young’s modulus distribution on crack driving forces and repair efficiency.

Fig. 4 the J-integral convergence for different FGM graduation functions

2.5 Mesh
In the system modeling, two types of elements are used to represent the 

plate and its mechanical characteristics under stress. Linear hexahedral 
elements of the C3D8R type (3D solid element with 8 nodes and reduced 
integration) are used for the plate and the same for the adhesive layer. In 
addition, SC8R elements (continuous shell element with 8 nodes and reduced 
integration) are used to model the FGM patch (see Fig. 5)
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Table 2. Number of nodes and elements of the parts
Element Number of 

elements
Number of 

nodes
Type of 
elements

Plate 138240 174840 C3D8R
Adhesive 4608 9506 C3D8R

Patch 10000 15453 SC8R

Fig. 5 Presentation of the geometric model mesh (A): Plate, (B): Crack, (C): 
Adhesive (D): FGM patch

3. Results and discussions

For the variation of the patch in FGM, we stress the plate of a patch with 
a maximum Young's modulus at the interface (plate/patch) and a minimum 
Young's modulus on the free side of the patch, and see the different results 
emerging from this simulation. This choice aims to optimize the redistribution 
of stresses and to minimize mechanical incompatibilities at the interfaces. 
The simulation allows observing the effects of this graduated variation on 
several aspects, such as, the reduction of the stress peak near the crack, as 
well as the evolution of the J integral, an energy indicator of the potential 
propagation of the crack.

3.1 The variation of FV1 in the FGM patch

Each Young’s modulus variation function applied in the FGM patch models 
a distinct scenario of stiffness distribution across the material. In this context, 
the field variable denoted FV (Field Variable), used to control the field-
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dependent material behavior, takes normalized values between zero (0) and 
one (1). When FV = 0, this corresponds to the area closest to the crack, where 
the stiffness (Young’s modulus) is maximal, ensuring targeted mechanical 
reinforcement. Conversely, when FV = 1, the periphery of the patch is 
reached, where stiffness is minimal, promoting better compatibility with the 
surrounding structure and limiting stress concentrations at the interfaces. 
This approach thus makes it possible to grade the mechanical properties of 
the patch to optimize force distribution and reduce mechanical 
discontinuities. The images obtained for the different simulations tested are 
shown in Fig. 6.
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Fig. 6 Presentation of the different variation functions tested
3.2 Variation of the Von Mises stress in the FGM patch
For the variation of the Von Mises stress in the FGM patch, each function 

presents a model of distribution of the stresses, and according to the axis 
under study and for different values, and this translates the effect of the 
evolution of the different properties of the patch in FGM following the 
function used. Fig. 7 depicts the variation of Von Mises stresses on geometric 
model for three different gradation functions. Also, Fig. 8 demonstrates Von 
misses stress values for linear, logaritmic and exponancial gradation 
functions.
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Fig. 7 Distribution of von mises stress for each function
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Fig. 8 Evolution of von mises stress for different functions
The variation of Von Mises stresses in the FGM patch directly reflects the 

influence of the gradation profile of mechanical properties imposed by each 
Young’s modulus variation function. Each adopted function (linear or 
exponential) defines a distinct stress distribution pattern along a given axis, 
and for different values of the variation field. This distribution strongly 
depends on how the stiffness evolves inside the patch, influencing the latter’s 
ability to redistribute forces around the crack. Among the functions studied, 
it is particularly notable that the exponential function along the z-axis allows 
achieving the lowest Von Mises stress, with a minimum value of about 16.1 
MPa, indicating an excellent capacity for mitigating localized stresses thanks 
to a smooth transition of mechanical properties in the thickness of the patch.

On observe that the exponential and logarithmic functions applied along 
the z-axis induce relatively low Von Mises stresses compared to the other 
variation laws, which underlines their effectiveness in grading stiffness 
across the patch thickness in a progressive and smooth manner. This vertical 
gradation allows for better stress dissipation and limits stress peaks around 
the crack. Furthermore, the linear function along the (x) axis also exhibits 
lower Von Mises stresses, but to a lesser extent compared to the exponential 
and logarithmic functions along z. This suggests that the distribution of 
mechanical properties in the longitudinal (x) direction also contributes to 
stress mitigation, although less effectively than a gradation across the 
thickness. Overall, these results highlight the importance of the choice of the 
variation law and its orientation in the optimal design of FGM patches.

3.3 Analysis of Maximum Principal Stresses

The different stress distributions, it is necessary to rely on the main 
maximum stress, which clearly shows the stress distribution at the patch level 
for the different FGM functions at the plate/patch interface. Fig. 9 illustrates 
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the maximum principal stress distributions formed in the models for three 
different rating functions.

Fig. 9 Distribution of different maximum principal stresses in the patch for 
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different functions.
The analysis of the principal stresses in the three directions (x, y, z) 

highlights the significant influence of the type of variation function used in 
the FGM patch. In the (x) axis, the linear function generates the lowest 
stresses, reaching 20.35 MPa, with relaxation in the vicinity of the crack, 
which reflects a good redistribution of forces. It is followed by the logarithmic 
function (approximately 26.5 MPa) and then by the exponential function (41.6 
MPa), which presents higher stresses in this direction. On the other hand, in 
the y axis (direction of the stress), it is the exponential function that is 
distinguished by the lowest stresses, of the order of 14 MPa, with a localized 
concentration at the crack tip followed by an extended relaxation in the rest 
of the patch. Finally, in the z-axis (thickness), the exponential function 
continues to show excellent performance with stresses reduced to 10.4 MPa, 
and a very limited concentration at the crack tip. Beyond this zone, the effect 
of stresses becomes almost weak, reflecting an excellent capacity for 
absorption and diffusion of forces through the thickness. These results 
confirm that the judicious choice of the FGM function according to the 
direction can significantly improve the mechanical performance of the patch, 
by reducing stress concentrations and extending the lifetime of the repaired 
structure.

3.4 The variation of displacement in the FGM patch

Concerning the displacements induced in the FGM patch, the analysis 
focused on the U2 displacement, which corresponds to the displacement 
along the (y) axis, i.e. in the direction of the applied stress (traction). The 
results show that, whatever the variation function used (linear, exponential, 
and logarithmic) and whatever the axis considered (x, y or z), the 
displacements remain globally similar, with values between 0.061 mm and 
0.065 mm. This low variation indicates that, despite the differences in 
Young's modulus gradation in the patch, the overall effect on the 
longitudinal deformation of the plate remains moderate. This suggests that 
the main role of the different FGM functions is not to significantly modify 
the overall flexibility of the system, but rather to reduce local stress 
concentrations without altering the overall displacement response under 
loading. The displacement change in different axes for different functions is 
shown in Fig. 10. The change in displacement values occurring along the 
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axes and the displacement effect created by the gradation function on the 
model along different axes can be examined in the graph in Fig. 11.

Fig.10 Variation of different displacements for different functions
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Fig. 11 
Variation 

of 

displacements for different functions

3.5 Analysis of the variation of the J-integral in the repaired plate

a) For the variation of the patch along the (x) axis
The Fig. 12 illustrates the variation of the J-integral as a function of the 

normalized distance in the plate repaired using different FGM patches along 
the x-axis, highlighting the significant impact of the nature of the stiffness 
gradient on the resistance to crack propagation. It is clear that the 
exponential function generates the lowest values of the J-integral, especially 
at the plate/patch interface, where it reaches about 0.14 J/mm². This is 
followed by the logarithmic function with a value of about 0.18 J/mm², and 
then by the linear function, which remains slightly higher. In comparison, the 
unrepaired plate shows significantly higher values, exceeding 0.36 J/mm², 
which confirms the beneficial effect of the FGM patches. These results show 
that the addition of a patch, particularly with an exponential variation of the 
mechanical properties, makes it possible to considerably reduce the fracture 
energy (J-integral) and therefore to effectively slow down crack propagation, 
particularly at the critical level of the interface between the plate and the 
patch.
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Fig. 12 Variation of the J-integral as a function of the normalized distance 
in the repaired plaque for different FGM patches (along the x-axis).

b) For the variation of the patch along the (y) axis:
In Fig. 13, on observe that the logarithmic function applied to the FGM 

patch generates the lowest values of the J-integral compared to the 
exponential and linear functions, with values that do not exceed 0.23 J/mm². 
This performance indicates a better efficiency in terms of resistance to crack 
propagation, especially in the critical zone close to the crack tip. All the 
results highlight that the use of an FGM patch, regardless of the variation 
profile, allows to significantly reducing the J-integral compared to the 
unrepaired plate. This behavior is particularly notable at the plate/patch 
interface, where the effect of the patch is manifested by stress absorption 
and effective relaxation of the stress field around the crack. Thus, the FGM 
acts not only as a structural reinforcement, but also as a mechanical 
modulator that attenuates local singularities, improving the durability and 
safety of the repaired structure.
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Fig. 
13 

Variation of the J-integral as a function of the normalized distance in the 
repaired plaque for different FGM patches (along the y-axis).

c) For the variation of the patch along the (z) axis:

The variation of J-integral values along the z-axis is displayed in Fig. 14 for 
cracks that have not been repaired, cracks repaired with plates, and for three 
different rating functions. For the variation of the J-integral as a function of 
the normalized distance in the plate repaired with different FGM patches 
along the z-axis (thickness), it is clearly observed that the linear function 
generates the lowest values of the J-integral, reflecting a good capacity to 
mitigate the fracture energy. It is followed by the logarithmic function, then 
by the exponential function, which presents a value of approximately 0.18 
J/mm² at the plate/patch interface. Although the three functions present 
slightly different performances, they all have in common to produce values 
significantly lower than those obtained for the unrepaired plate, where the J-
integral exceeds 0.38 J/mm². This highlights the beneficial effect of the FGM 
patch, especially when optimized according to the plate thickness, to 
significantly reduce the crack propagation energy. The stiffness gradient in 
the (z) direction allows a gradual transition of mechanical properties, thus 
minimizing stress concentrations and providing better relaxation at the 
crack.
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Fig. 14 Variation of the J-integral as a function of the normalized 
distance in the repaired plaque for different FGM patches (along the z-

axis).

d) For the variation of the patch along the three axis (x,y and z):

The analysis of the J-integral variation as a function of the normalized 
distance in the repaired plate for different FGM patches, along the x, y, and 
z-axes, reveals clear trends in terms of mechanical efficiency (see Fig. 15) 
The exponential function along the x-axis is distinguished by the lowest J-
integral values, especially at the plate/patch interface, which reflects an 
excellent ability to mitigate crack propagation energy in this configuration. 
It is closely followed by the logarithmic function, which also shows reduced 
J-integral values along all axes (x, y, z), both at the plate/patch interface and 
at the free edge of the plate. These results highlight the effectiveness of the 
exponential and logarithmic variation functions in the design of FGM patches 
to limit energy concentration effects, thus contributing to a more durable and 
secure repair of the cracked structure.
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Fig. 15 
Variation 

of the J- integral 
as a function 

of the 

normalized distance in the repaired plaque for different FGM patches (along 
the x, y, z-axes).

Table 3. Benchmark comparison of fracture parameters
Configuration Patch type Maximum J-inte

gral (N/mm)
Reduction vs. u
nrepaired (%)

Unrepaired crack
ed plate

— 0.48 —

Repaired plate Homogeneous pat
ch

0.30 37.5

Repaired plate FGM patch – expo
nential

0.27 43.8

Repaired plate FGM patch – loga
rithmic

0.23 52.1

Repaired plate FGM patch – 
linear

0.21 56.3

To validate the proposed numerical approach, benchmark comparisons 
were performed against an unrepaired cracked plate and a homogeneous 
patch limit case. The unrepaired configuration exhibits the highest J-integral 
value (0.48 N/mm), serving as a reference baseline. The introduction of a 
homogeneous patch reduces the J-integral by approximately 38%, while FGM 
patches provide significantly greater reductions, reaching up to 56% for the 
linear gradation law (Table 3). These results clearly demonstrate the added 
benefit of stiffness gradation over conventional homogeneous repairs and are 
consistent with trends reported in previous numerical studies, thereby 
reinforcing the credibility of the present model.
4. Conclusion
This study emphasizes the significance of functionally graded materials 
(FGMs) as advanced and effective solutions for crack repair in structural 
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components, particularly those made of aluminum alloys. The numerical 
analysis carried out using ABAQUS demonstrated the effectiveness of FGM 
patches in enhancing the mechanical performance of cracked structures by 
reducing the J-integral and distributing stresses more uniformly around crack 
tips The effectiveness of the patch depends on several factors, including its 
thickness, the quality of its adhesion to the surface, and its geometric 
distribution around the crack. All of these criteria play a significant role in 
enhancing structural durability and reducing the risk of crack propagation. 
The comparison of different gradation functions (exponential, logarithmic, 
and linear) also revealed a clear influence of each on the structural response, 
highlighting the importance of selecting the most appropriate function based 
on the specific application requirements.
The study of variations in the J-integral and maximum principal stresses for 
different FGM patches reveals that the gradation function of the Young’s 
modulus plays a key role in the mechanical effectiveness of the 
reinforcement. Overall, the linear function stands out for its ability to reduce 
the J-integral in both the x and y directions, while the logarithmic function 
proves particularly effective in limiting principal stresses in specific regions 
and facilitating stress relaxation near the crack.
However, the exponential function, while effective at absorbing stresses 
through the patch thickness in the z-direction, shows higher J-integral values 
in the x-direction, indicating a more limited capacity to dissipate crack 
propagation energy in that direction. These results confirm the importance 
of carefully selecting the gradation function to optimize stress redistribution, 
reduce stress concentrations, and ultimately improve the overall 
performance of FGM patch repairs
These results highlight that the choice of the Young’s modulus gradation 
function significantly influences the distribution of the J-integral in different 
directions. In particular, while the exponential function is effective in the z-
direction for reducing through-thickness stresses, it exhibits higher values in 
the x-direction, which may be less favorable for controlling longitudinal crack 
propagation. These observations emphasize the importance of tailoring the 
Young’s modulus gradation to the dominant loading conditions in order to 
optimize the performance of FGM patches and thereby enhance the durability 
and safety of cracked plate repairs.
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